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5 My Worthy Friend, 18 
ChARLES Cox, 8.7/7 


Member of Parliament for the | 


Burgh of een. 


Der 8 I K, 


IJ NON . many Genie 
E S You have conferred on me, I ac- 
count it not the leaſt, that you 
AGES have given me a Riſe to revive | 

LE 2 my Mathematical Studies; in 
which, as I have formerly ſpent ſome Time, 

ſo I know of no more uſe ful Way of employ- 
ing my leiſure Hours. 

And indeed, Sir, the Diver on and Ad- 
vantage I have lately reaped from them, hath _ 
(by the Divine Bleſſing) both ſupported me 
under, and in a 00d Meaſure carried me 

through ſuch Preſſures and Difficulties, as 1 


once almoſt deſpaired of ſurmounting. 
A 2 The 


4 
: * 
2 
0 
: 


Fl 


The Epiſtle Dedicatory. 
The Mathematick Lecture which You at 


firſt ſet up gratis in your Burgh, and which 
out of an uncommon Generolity, You did af- 
terwards remove into the City of London, is 


ademonſtrativeProof both of your ſincere En- 


dieavour to promote the Good of your Coun- 

try, and alſo of your Capacity to do it the 
| beſt Way. And as I have already, in a good 

Degree, ſo I hope to ſee ſuch Effects from ſo 
noble a Deſign, as will render your Name 
juſtly, honourable to Poſterity, as well as this 
preſent Age. Sir, You know your Self and 
| Me too well to take this for Flattery. *Tis 


what Truth, Juſtice and Gratitude oblige me 


to NR. 5 „ͤ 
I ſhall only add, That Iam again glad of 

this Opportunity to ſhew the juſt Eſtee mi 

have of your Merit, and the equal Regard] 


have for your Friendſhip. / am, 
"rn, ” 
Your moſt obliged 


Humble Servant, 


Juobn Harri. 
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"TO THE 


READER 


8 Lo Fter frequent Peruſal, and mature De- 
bye plaineſt, Morteſi, and yet eafeſ# 

| SA (3) Geometry I have ever ſeen publifh'd * 
. a9 = mh Aud therefore I thought it very well 


worth my while tolet it appear a ſeventh. 


7 
U 
A 


Time in our own Language, as it had already done 


twice Roe in the Latin Tongue. And tis fo well 
eſteem'd of by very competent Fudges amongſt Us, as to 
be read in our Univerſities, by Tutors to their Pupils e 
And alſo, which is not uſual with Books of this 
Kind, the three firſt Impreſſions were fold off in a little 
more than as many Years Time, 

As to the Tranſlation; I have by no means obliged 


my ſelf” ſervilely to follow the French way of Ex- 


preſſion ; for indeed a literal Verſion of a Book out 


of any Language will be ſcarce intell;gible in Engliſh. 
have therefore all along aimed rather to give you 


F. Pardies's Senſe, than his Words; and have made 


tim fpeak what I judge he would have done, had he 
_ wrete in our Language. I have made no Scruple to 
4 any hing that I jaw neceſſary, to render him clear 


T and 


liberation on this Book; I judge it tobe 


The TRANSLATOR, Oc. 


and intelligible ; and particularly what follows, which ? 

was not in ſome of the former Editions. 1 
As the ſecond Book of Euclid about the Power of | 

Lines; The Menſuration of the Sur faces of Solids ; | 


f 
1 
5 


. Archimedes his Proportion of the inſcribed Cone and 

| Sphere to the circumſcribing Cylinder; the Figure of 

. the 5 regular Bodies; ſeveral Additions and Improbe- xo 

| ments in the Dottrine of Proportion : The Menfura- P 


Lion of the Fruſtums of Pyramids and Cones ; ſome 
new Properties of a Right-angled Triangle, and 7 
the Circle, &c. I have alſo left out ſome more of Par- 
dies's Propoſitions, which, on repeated Experience in 
Teaching, I have found leſs uſeful ; as alſo all the El- 
Tents of Plain Trigonometry, which I had before add. 1. 
aed to his Ninth Book ; becauſe I have publiſb'd a ſmall q © 
$ Treatiſe on that Subjef by itſelf; and my chief Aim 
| Brow hath been to lead the Learner into a little more ab- 3 _ 
bl firafted and conciſe, tho“ a moſt uſeful and univerſal \ 
Aoethod of Demonſtration ; introducing now and then | _ 
a little Algebra, that I thereby engage the Reader in and 
4 Love of, and Value for that maſt noble and wonder- \ th 
ful Science: And to give him @ good Foundation to | © 
: build upon, and a ſufficient Riſe thereby to carry him 
to Fluxions, and the new Methods of Inveſtigation * the 
I and Demonſtration, where he will find fuffcient Satyſ- 1 not 
faction. Nor need he be diſtzuraged at the Attempt, 4 eaſt 
for "tis well known, that I have taught ſeveral Per- 1 
ens to underſtand the Elementary Parts of all Mathe- | 
matichs ſo well, that they have been abje to go on every 
| where, without the Aſſiſtance of any Maſier, in leſs 
5 then a Year's Time, oo ͤ V 


PAR DIES s. © 


| ſtood at firſt reading over. 


Pak DlEs S's Ales to thoſe 
who would Under fland : 
ow 


AN ſelves to Sonic well the N. 
A gures, at the ſame Time as 
hey read the Propoſitions. 
There will be ſome Labour 
and Difficulty at firſt, but they will break 


thro? it in two or three Days. 


II. They ought not to be diſcouraged, 5 


ö they meet with ſome Things which they do 


not underſtand at firſt; Geometry is not ſo 


; eaſie to be attained, as Hiſtory. 5 


III. If, after they have read and conſi- 


: dered attentively any Propoſition, they find 
they don't underſtand it, let it be 


paſſed 
over, it will probably be intelligible by rcad- 
ing farther, or at leaſt when they have gone 


| over the whole, and have began to read it 


over a-new. There are indeed many things 
in Geometry, that will never be well under- 


1V. The 


Parentheſis, v. gr. (3. 14.) ſhew that the 


Advice to thoſe, &c. 
IV. The Numbers which are within the 


Matter there ſpoken of, hath been proved 
elſewhere, viz. in this Inſtance, i in the 14th 


Article of the III Boot: And they ought al- 


ways to mind the Number of the Article, and 


to conſult the Places referred to, that ſo they 
may gain the Demonſtration of what they 
read. x 
V. When they meet with any Words 

Which they don't underſtand, they may con- 
ſult the Table at the End of the Book. 


VI. Tis good to have a Maſter at firſt, to 


explain to them the Nature and Manner of 
the Demonſtrations; for by that Means they 


will underſtand the Thing much eaſier, and 


much ſooner, than they can do by — by 
themſelves. 
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of Lines nd Angles. 


Y the Ward. Puontity, Wi ch in 

the General is the Subject of Geo-. 

metry, we mean that whereby one 
A Thing being compared with an- 
other of the ſame Nature, may be 
fſaid to be Greater or Leſs than, E- 

qual or Unequal to it: As Extenſion, i. e. Length, 

! Breadth or Thickneſs, Number, Weight, Time, 
Motion, and all thoſe things which are capable ot 
being ſo compared as to More « or Leſs, are the Ob- 
ect of Geometry. . 

2. We deſign nevertheleſs 10 1 now 4 
Extenſion 3 as being that which ſerves for an Exanm- 


: E. 28 and 1 Rule to meaſure all other e by. 
. . That | 


"ELEMENTS 


3. That Quantity which, being ſuppoſed without 
any Breadth or Thickneſs, is extended 23 | 
| Length, is called a Line. That which hath both 
Length and Breadth (but is ſuppoſed to have no 


\ 'hickneſs) is called a Surface, or Syperficies : And 2 
. that which hath Length, Breadth and Thickneſs, Y 
5 is called a Body, or Solid. 1 


4. A Point is that, which is confider'd as having 


no manner of Dimenſions; and as being indiviſib(te 
in every reſpect. The Ends or Extremities of = 
Lines, as alfo the Middle of them, are Pointe. 
me There are Strait Lines, and there are Crooked =o 
or Curved ones: Alſo there are Even and Plain || « 
Surfaces which are called Planes; and there are 
0 Crooked or Curved ones, which like a Vault (or the 
. Tilt M a Boat or M. gon) are Convex above, and 
+ Concave below. F 
WH The Generation of Lines may eaſi ly be conceived 1 
to be made by! the Motion or F luxion of a Point, 2 
f | 28 A: 4 
Ih = 
1's 0 
14 In 
| g 
Ii 


Which if it move directly from the Term A to 3 as 
| | the Term C, or go the neareſt or ſhorteſt Way | co 
14. poſſible, it then forms what Geometers e op 
| or Strait Line. th 
If it go firſt directly to B, and then alſo the near- | A 


| _ eſt Way to C; it forms two Right Lines, A Band ge 

47 B C, which, taken together, are longer than the | an 

Tie AC; and conſequently, two Sides of any | 
i Ln as muſt be ger than the Third. | 


1 16 
3 : : | . 0 * a N 
4 2 v a : . | ' 


to 
Way 
g, 


1car- | 
and | 
1 the 
any 


x 


like the Legsofa Pair of Compaſ- 
! ſes, and yet faſtened together in A, 
as with a Joint, tis eaſy then to 
conceive, that the further they are 
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If the Point A move not in one or more right or 
ſtrait Lines towards C, it muſt go crooked, and ſo 
will form a Curve or crooked Line, as ADC. 
And from hence alſo 'tis plain, That any two 
Points, moving with equal Velocity, will in the 
ſame Lime generate equal Lines. . 

6. When two Lines meet in a Point, the Aper- 


ture, Diſtance or Inclination between them, is call'd 
an Angle. Which, when the Lines forming it are 


right or ſtrait ones, is called a Rectilineal Angle; 


as A. But if they are crooked, tis called a Curvi- 
lineal One; as B. And when one is ſtrait and the 
other crooked, tis called a Mix'd Angle; as C. 


N. B. The Lines, forming any Angle, are called 


+. That Angle is aid to be leſs than another, 


| whoſe Legs are more inclined to (or nearer to) each 
other. Let there be two Lines A B and AC meet- 
ing in the Point A. If you ima. 


gine thoſe Lines to be moveable 


opened, or parted from one ano- 


ther, the greater will be the Angle between them: 
As on the contrary, the nearer they are brought to- 
_ gether, the more they will incline towards each other, 
and ſo the Angle between them mult be the leſs. 


« . 2 
& 5 1 
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8. It muſt therefore be obſerved, that the Quan- 


4 


tity of Angles is by no means meaſured by the 
Length of their Legs, but by their Inclination. 
Thus, v. gr. the Angle Bis bigger than A; tho' the 


Legs of the Angle B, are much ſhorter than thoſe 
of A: But then thoſe of A are 


much more inclined to each o- 


apprehend this the better, ima- 
gine the Angle B to be put up- 


the prick'd Lines about A, 


which repreſent the Legs of B lying on it. For 'tis 
plain the Angle A will be eaſily contained within B; 
and that its Legs are much more inclined to one ano- 
ther, than thoſe of B, and therefore it is leſs than B. 
9. An Angle is uſually marked by three Letters, 
of which the middlemoſt, and which always is 
placed at the Angular Point where the Lines meet, 
deenotes the Angle. As in the Figure following 
Vas denotes the Angle made by the two Lines 63 


and c meeting in the Point 4. 


10. If we imagine the Line 40 faſtened by its End | 
a, in the middle of the Line 4c, but yet ſo as to ba 
mmm moveable to 4, as on a Center: 
1 If then you conceive it to be 


e quite round, till it arrive 


di_ : . c at the Place where it began, tbe 
: a - Point & will deſcribe a Curve 
8 L. ine, which is uſually called a 


As. 2 
5 - . 
Davacsa” 


C.rrccle; but 'tis rather the Cix- 
eumference of a Circle; for properly ſpeaking, theCir- 
cle is the Space contained within the Circumference. 


II. Any Part of the Circumference is called an 
12. The Line 4e (paſſing through the Center) and 
_ terminated by the Circumference, is called the Dia- 


\ 


ther, than thoſe of B. And to 


on A, as you may conceive by 
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Of GEOMETRY. 5 
meter, and divides the Circle into two equal Parts. 


Alſo every Right Line paſſing thro' the Center 4 
(and termmated at each End by the Cirrumſerence) 


divides the Circle into two equal Parts, as will be 


a Diameter. ; 
13. The Line 4b or ac, or any other drawn from 


the Center to the Circumference, i is called the Ra- 


dius, or Semi-diameter. _ 
14. All Raaius's or Semi-diamters (of rhe ſame 


| or equal Circles) are equal (As is plain tne the 


the other, it is then ſaid to fall on 


qual: Of which the Leſſer bac 


Geneſis of a Circle given in Art. 10.) 
15. When the End b of the Radius ab is equally 


diſtant from the two Ends of the Diameter $65 5 


That is, when the Point 6 is in 


the very middle of the Semi-cir- b 
7 cumference 40e; then will 4 

make two Angles with 4c that are 
called Right ones, which are e- 
qual to one another, that is, the \ 
Angle 4a b is equal to bac. And 
jf the Line ha be produced below 
to e, it ſhall then (with 4e) make four Right An | 


oles; and it will be another Diameter; which with 


the former ac will divide the Circle! 1110 four equal 
Parts. a 


16. Then thoſe Lines are Gid to be perpendicu- | 


lar one to another, wiz. ba to 4 c, and 44 to be. 


17. But if & be nearer to one End of the Diame- 
ter (or Right Line) 2c, than it is to 


the other obliquely ; and it makes | 
with 4c two Angles that are une- d 


is called Acute, and the Greater 
4 abi is called Obtuſe. 85 


6 ELEMENTS 
If the Line ab be produced to e, it will be a new } | 
Diameter, and will make below two other Angle: 
„ KS So that in the whole here will be 
. 5 5 four Angles; of which thoſe two 
1 4 5 /\ that touch only in the Angular 
SINK 4c Point, as bac and ea; as alſo, | 
Foils \{ /} #4abandeac, are called Vertical, | 
„ e or Oppoſite Angles. But thoſe that 
baue one Leg common to both, as 
dab and bac; and bac and eac are called A- 
joining or Contiguous Angies. . 
18. Thoſe Angles, which (at equal Diſtances from 
the Angular Point) are ſubtended by equal Arks, 
are alſo equal themſelves. As if the Ark 4c be pro- 
ved equal to the Ark 4e, then will the Angle Va 
be equal to 4a e. 5 5 
19. The two Contiguous Angles, taken together, 
11 are always equal to two Right ones. . 
. For as the Line 4c is a Diameter, and therefore 
71 cuts the Circle into two equal Parts, the two Arks, 
1 4b and bc, taken together, will be equal to a Semi- 
circle. Wherefore the two Angles, 4a b and bac, 
| together, will be equal to two Right ones, becauſe 
| 
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145 they compleat the whole Semi. circle, as two Right 
. ET EE A Sn „„ ; 
[11H 20. So that this Propoſition is of univerſal Truth, 
11 That one Right Line, falling on another, makes tie 
| lil _ Contiguous Ang les (together) equal to two Right ones. 
Por if the Lines are Perpendicular to each other, as 

4 32 is to 4; then tis plain the 
9 /5 Angles muſt be Right (by the 15.) 
And if the Line fall obliquely, as 
“ doth, then indeed the Angles 


n OO Oo Eh i PO TN 


. unequal: But as much as the 
95 5 Obtuſe one 4 Ab exceeds one Right 
Angle, by ſo much is the Acute one hac exceeded 


all theſe together are equal to four 


Bock I. of Gromerry. 7 
1 by the other Right one. So that the Smallneſs of 


one is compenſated by the Greatneſs of the other. 
21, Hence alſo it follows converſely (for where- 
ever the Property is found, there the Thing is, in 
Geometry) that if two Angles, which have one Leg 
common to both, do make Angles equal to two 
Right ones, their other Legs do make but one Right 
Line. Let the Angles 4a b and bac be (tegether) 
equal to two Right, ones. Then [ ſay, that the 
Lines 44 and 4c do join fo together, as to make 
one Right Line (vid. Fig. in Art. 1).) which is 
clear from what hath been ſaid. For if on the Center 


1 7 you deſcribe a Circle 4bce, the two Arks 4% and 


c will be equal to a Semi-circle, becauſe the two 


Angles 44% and bac are ſuppoſed to be equal to 

two Right ones. Wherefore the Lines 4a and c 
| will make a Diameter, and conſequently be joined 
into one Right Line. 5 
232. If from the Point a you draw ſeveral Lines, as 


a d, af, a b, a h, ag, &c. they will make diverſe 


i Angles; and all thoſe Angles taken together, bethey 
more or leſs, will be equal to four r 


Right ones. For tis clear, all 
theſe Angles together do compleat / 
the Circle 4% ce, whoſe Circum- 
ference they divide into as many 
Arks as there are Angles, Now 


2 
Quarters of a Circle; which is 3 
as much as to ſay, that all the Angles are equal in 
the whole to four Right ones; for ſo many Right 
Angles do alſo compleat the Circle. e 


B4 AXIOM 
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NI GN 1. 


IF to, or from equal Things, you add or ſub- 


tract Equals, the Sums or Remainders will 
be equal. 5 1 | 


25. The Vertical or Oppoſite Angles are equal. 


Let there be two Right Lines ac and bac (croſſing. 


or cutting one another in the Point a) I fay, the An- 


gle 44e is equal to Ha c. For the Ark þ4, with the 


Ark 5c, makes a Semi- circle; and 

— ſo doth the ſame Ark 54 with the 
sb Ark de. Therefore the Ark bc 
muſt be equal to 4e; becauſe the 
a> Ark 4b continues the ſame, whe- 
C ther it help to compleat the Semi- 
circle with 4e, or c (wherefore 
being taken away from both, it 


4 


muſt kave the Ark de equal to be. But if the Ars 


be equal, the Angles ſubtended by them muſt be ſo 


too, end therefore the Angle dae is equal to ba c) 
And by the ſame Reaſon the Angle 446 will be e- 


qual to ec. 


24. The Circumference of every Circle is (f- 
Poſe it to be) divided into 360 equal Parts, which are 
called Degrees: And every Degree into 60 Mi- 
nutes, every Minute into 60 Seconds, every Second 
into 60 Thirds, and ſo on infinitely. And to deter- 


mine the Quantity of every Angle, we compute the 


Degrees that (% Ark, which is its Meaſure) doth. 
contain; v. gr. When we ſpeak of an Angle of 
99 Deg. we mean a Right Angle; becaule the 
Right Angle contains the fourth Part of the whole 
Circumference, which is 90 Deg. the fourch Part of 
360. So an Angle of 60 Deg. is an Angle that con- 


tains two Thirds of a Right one. 1 
% „ 


— n 
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25. Degrees are marked either with Degr. or 
= wnſually with a ſmall Cypher over the laſt Figure as 
50s. Minutes with a ſmall Line, as 50 Seconds with 
Z twoſuch, as 20", Thirds with three ſuch, as 25 


Sc. So that 25 32' 43“, is tobe read, 25 Degrees, 
32 Minutes, 43 Seconds. . 5 
286. Two Lines are ſaid to be parallel, when they A 
run always equi-diſtant from © g 
each other. Thus the two 3 
Lines 4 % and e are parallel, e 


if they are equally diſtant from Es. 3 
each other in a , in BD, in H d ; 
0 4, ana 18 all other Places. PoE noon: 
27. This Diſtance is always meaſured by a Per- 
pendicular; as if from the Point 4 you imagine the 
Line 4 e to fall perpendicular on ec; as alſo doth 
the Line 54 on the ſame Line; we naturally con- 
ceive, that if thoſe two Perpendiculars are of the 
ſame Length, or equal; the two Lines 46 and e4 
are equally diſtant from each other in thoſe two 
Places, which is ſelf evident, and needs no Proof. 
28. Two parallel Lines, being continued infinite- 
ly, yet can never meet: For being always equally 
diſtant, there may any where be drawn between 
them a Perpendicular equal to ae or A, and conſe- 
quently they can never meet. 
29. L'wo parallel Lines have the ſame Inclinati- 
on, one as the other, to 3 
any right Line that croſ- | / 
ſes them both. _ 
Thatis,: the Angle 
will always be equal to 44 . 
b, and c to 4; for thb 
interſecting Line being { 
1 25 inflexible, as / 
is the Caſe of all Ma- FV 
thematick Lines, it cannot bend to, or from one 
11 ee raon: "Parallel 
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Parallel more than it doth to or from the other: 
And neither of theſe Lines can alter its Poſition in 
reſpect of the Croſſing Lines, for then the Paral- 


leliſm would be deſtroyed, which contradicts the 
Suppoſition. 


And this is the firſt Property 1 Parallel Lines. 


30. Whenever a Right Line cuts two Parallels, it 
5 makes with them eight Angles: Of which four 4 , 
q are eternal; and the other four, 
c, ef, are internal, The Angles 
| rand. and J, as alſo 4 and e, are called 
Alternate. The Angles e and 4, as 
" alſof and b, are called the inte nal, 
and oppoſi ite on the ſame Side. And 
tha Angles af, as alſo c and e, are called the in- 
rernal 85 072 the fame Side. 


A X 10 M II. ; 
ö 2 bings equal 70 a 7 bird, are equal 70 one 5 3 
x another. 1 


1 The Alternate Angles c 3 ＋ * be equal; 
and alſo e and 4; ; for c is equal to the Vertical An- 
gle b, and ä is equal to the internal one 7, by the 
laſt Prop. Wherefore c and 7, being both equal to b, 
muſt be equal to one another. 

The ſame may be proved of c and 45 which are 
both equal to 2. 


32. When 
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er: 9 32. When a Line falls on two 883 ones, it 

in makes the internal Angles on the ſame Side equal 
al- to two Right ones. 5 e | 
the 


I ſay, the Angled with f, isequal 
to two Right ones: Becauſe F is e- — 
qual to c (by 31.) and c and 4 toge- 
ther are equal to two Right ones 
(by 20.) Therefore F and 4 toge- 
ther mult be equal to two Right 
ones, which was to be proved. 5 
(The ſame Way may c and e together be proved 
2 equal to tuo Right ones; for c and d taken together 
ars ſo (by 20.) but d is equal to e (31.) Therefore c 
and e are equal to two Right ones.) 
33. One Propoſition is called the Converſe of an- 
bother, when, after a Concluſion is drawn from 
ſomething ſuppoſed in the Converſe Propoſition, 
that Concluſion is ſuppoſed; and then that which 
was in the other ſuppoſed, is now drawn as a Con- 
2 clufion from it. For Example: We ſay here, if 
two Lines are parallel (and another croſs them) the 
% © Angles 4 and f together, are equal to two Right 
ones: Where we ſuppoſe the Lines to be parallel, 
and from thence conclude thoſe Angles muſt be e- 
qual to two Right ones. But the Converſe is thus: 
If the znrernal Angles on the ſame Side, d and f to- 
gether, are equal to two Right ones; then thoſe 
h, Lines are parallel: Where, after we have ſuppoſed 
the Angles equal to two Right ones, we conclude 
/// / in i een 
334. Converſe Propoſitions in this Caſe are very 
true; as that, if a Line cut two other Lines, and 
makes the alternate Angles equal; thoſe two Lines 
—— 2 parallel: which I deſire the Reader to remem- 
len der. . n+ e 


33. K 
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- 35. If two Lines are parallel to a third Line, they 
are ſo to one another. $ 
Let the Line 4b be parallel toc4; and let ef al- 
ſo be parallel to the ſame Line 4; I fay, ab is 
_ parallel to ef: For if you draw a 
29 Line, asb4f cutting them all three, 
FR the Angle b will be equal to 4 (bf 
8 f 1 
N 31.) and the ſame 4 will be equal to 
Sf —— F (by 31.) becauſe ef is alſo parallel 


55 to e 4. Wherefore the Angle þ muſt 
be equal to f. Becauſe by Axiom 2. if two Things 
are equal to a Third, they are ſo one to another. 
But if the Angle be , then the Line 4 is pa- 
„%% F< „ 
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i ee 


| Of Triangles. , 


1 Figure is a Space compaſſed round 

W ;on all Sides. And if the Lines, 
| which terminate it, are all Right 
ones, tis called a Rettilineal (or 
Right Lined) Figure: If they are 
L = crooked, tis called a Curvilineal ; 
and if they are partly Right Lines, and partly 
Crooked, *tis called a Mix'd Figure. 
2. There are Plane Figures, which are Plane Sur- 

faces, and there are Solid ones, which have three 


| Dimenſions. But we ſpeak here only of Plane Sur- 


faces, or Plane Figures, 


WE i 
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3. All the Lines which encompaſs any Figure, ta- 
ken together, make that which is called the Circum- * 


ference, Perimeter, or the Compaſs of the Figure. 


4. Of all Curvilineal or Mix d Plane Figures, in 
Common Geometry, we conſider properly only the, 
Circle, ora Part of a Circle, terminated on one Side 
by an Ark, and on the other by one or more Right _ 


Lines. 


J. Of Rectilineal Figures, the moſt ſimple are 


Triavgles, which are terminated by three Right 
Lines (and 70 more) making as many Angles. 
If a Right Line (AB) having one of its Ends or 


Dioints (as A) in the Vertex or Top of the Angle 


E AD, be moved downwards, with a Motion always 
parallel to it ſelf, ſo that the Point A ſhall always 


keep in, or touch the Line A E, until it come to be 


all of it within the 
Legs of the Angle 
EAD; that is, till 


tion continually cut 


the Triangle EA F 


. 2 Ge een; 00 3t 
(AFB) on the other Side of the Line AD. The 
Parts of which latter Triangle ſhall continually de- 
creaſe, as thoſe of the former A E F, do continually 


Increaſe. And the Line A B ſhall allodeſcribe with © | 


its whole Length the Quadrilateral Figure AE FB; 
which will be divided into two equal Parts by the 
Diagonal Line A F. N e 


hit come to be in the 
. Situation EF; that 
Line ſhall in its Mo- 


at length deſcribe 


Within the Legs of 1 : 
D the Angle; as alſo 1 


N. B. 
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VN. B. The Line A B may be called the Deſcri- 
3 bent, and A E the Dirigent, becauſe the latter 
| directs the Motion of the former. 


6. A Triangle, as a, which hath | 
one Right Angle, is a Right-an- 
geile Triangle; if it have one An- 
gle Obtuſe, tis called an Obruſe- 
& © angled one, as b; and if all its 
t three Angles are Acute, tis call- 

ed an Acute- angled Triangle, 


WE 5 | 
e J. If a Triangle have all its 1 
s „three Sides unequal, tis called a i 
s | Scalene,as d. If it hath two Sides 
e | equal,”tiscalled an 7oſceles, as e 
e And if all the three Sides are e- 2 5 
e qual, tis called an Zquitaterat / IN 
I one, as 7. „) 
© - 8, When two Sides of a Triangle are conſidered, 
t they may be called its Legs, and the third Side 
z- | may then be called the Baſe. But any one Side 
t may be called the Baſe, tho are uſually and moſt pro- 
d perliy call that ſo, which lies parallel tothe Horizon, 
%% 8 
EF 9. In every Triangle, the three Angles, taken to- 
f | gether, are equal to two Right ones. 
0 Let the Triangle be abc: I ſay, that the Angle a 


added to the Angle c, added to the Angle & (or the 

Sum of all three) are equal to two Right ones. For 

let Ze be drawn parallel to the Baſe ac, then will 
thoſe two parallel Lines be cut by the Line c; and 
conſequently the alternate Angles c and 4 will 
bde equal to each other (by x. 31.) Moreover the 


„ 


5 + | | . . . 
e Lineb 4 falling on, or cutting the ſame Parallels 
40 and ac, will make the two internal Angles on 


the 


— Pon —— _= — — — — gm 
—— —— —— — 
K — — Cum — — — — 


— —— . — ñ— — 
— — nn en 


16 ELEMENTS 


the ſame Side equal to twe Right ones ; that is, 4 


added to abe are equal to two Right Angles (by 1. 
22.) But the Angle 46e contains 
the two Angles V and 4. So that 


will be equal to two Right ones. 
But o being equal to 4, it will fol- 
low, that 4 added to & added to c, 
or the Sum of all three together, 


muſt be equal to two Right ones: Which was to 
„%% 85 


drawn out, the external Angle 
will be equal to the two in- 
ternal oppoſite Angles (taken 


10. If any Side of a Triangle be produced, or 


abc, whole Bale c! draw out 


which is called the External Angle of that Trian- 


gle. Then I ſay, Thar that external Angle e, is e- 
qual to both the internal and oppoſite ones a and c- 
For thoſe Angles à and c, together with C, are e- 
qual to two Right ones (by the Precedent) and ſo 
alſo are e and 6, by (f. 20.) wherefore e muſt be e- 
qual to 2 added to c, becauſe together with # it 
makes two Right Angles, as they do. Q. E. D. 


COROLLARIES. 


1. The Sum of the three Angles of all Triangles 


is the ſame. 


4. No Triangle can have above one Ri ht, or 
Obtaſe Angle.” en | | Sat, or 


the Angle à added to & added to 4, 


tegether.) Let the Triangle be 


td 4 by which means a new 
Angle, as e, will be made, 


— — and Ne ThE IG . 
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3. If in any Triangle, one Angle be Right, the 
other two muſt be Acute. 


4. If in any Triangle there be one Angle equal 
to both the others, that muſt be a Right One. 


5. If you know the Degrees of one Angle in any 
Triangle, you know the Sum of the other two; for 
'tis what is wanting of 180%, and if the Sum of any 


two be known, the Quantity of the Remainder is 


known. 


6. Hence if two Triangles have any two Angles 
reſpectively equal to one another, the remaining 
WH Angles mult allo be equal, © 


5. The Angle of an Equilateral Triangle is g of 


to 66. 


two Right Angles, or 5 of one Right Angle, equal 


8. Hence 'tis very eaſy to Triſect a Right Angle, 
by making on one of the Legs an Equilateral Tri- 


1. If a Triangle A B C hath two Sides, AB and 


AC, equal to two other ab and ac in another Tri- 


angle; and if alſo the Angle A be e- 


qual to; I ſay, the third Side BC A. 
ſhall be equal to Y c; the Angle Be- Fo S 
qual to b, the Angle C to c, and the 8 Ye 
whole Triangle AB C to . | N 
. 


For if we imagine the Triangle 
ab c to be placed upon ABC, ſo that 52 


the Side 4b ſhall lie exactly on ite 
Equal AB: Then muſt the Side as fall on its E- 


you AC, becauſe the Angle q is equal to A, and 
o the Point c will fal! 6, 


C and “ upon B, and the 
VVV 


. 


prove by the precedent Propoſitions 
15. In every {ſoſceles Triangle, the Angles at the 
Baſe, oppoſite to the equal Legs, are equal. 

„ Let the Triangle be ac, whoſe Legs 


13 ELEMENTS 
whole Triangle a5 c on the Triangle ABC; be- 


cauſe all things ſo exactly anſwer, that nothing of 


the upper Triangle can fall beſides the under one. 


12. Figures which do thus meet, fit, or anſwer 


to each other exactly, when they are placed one 
upon the other, are called Congruous Figures, Quia 


nutuo ſibi Congruunt. EY 
And therefore the third Axiom is, Quæ ſibi mu- 


tuo Congruunt ſuns A:quana ; i. e. Thoſe Figures, 


which placed one upon another, do anſwer to, and 
cover one another exactly, are equal, 
13. lt is alſo true, That if a Triangle hath all 
its three Sides equal to the three Sides of another 
Triangle, all the Angies alſo in one, ſhall be equal 


to thoſe in the other : And all the Space 


As if AB be equal to ab, AC to ac, 


iz and the whole Triangle ABC, to 

e; this needs no other Proof. 
14. If the Angle A be equal to 4, the Angle B 
to b, and the Side A B to 4. Then ſhall the Side 
A be always equal to ac, BC to bc; and the 
whole Triangle ABC to abc: which is eaſy to 


4240 and ac are equal: 1 ſay, the Angle 


© in the Point 4, then will the Line a U 


5 (which let be drawn) make of the whole 
two Triangles, 4 U and 4 ac, which will have all 
three Sides in one, equal to thoſe in the other: For 


which one Triangle contains, ſhall” be 
_Cequal to that contained in the other: 


and BC to bc: I ſay, that the Angle 
—=A ſhall be equal toa, B to b, and C to 


Baſe Y divided into two equal Parts 


5 N is alſo equal to c. For imagine the 
5 | 
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Wherefore the Angle þ 2 c being bigger than 4, 
mult certainly be bigger than c; which was to be 
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&b is equal to ac by the Suppoſition, and & 4 is e- 


qual to 4c, and a4 is common to both. Where- 


fore (by 2.13.) the whole Triangle ba is equal 
to 42C, and the Angle is equal toc ; which was 


to be proved. | 


16. In an ſſoſce/es Triangle, if a Line drawn from 


the Angle at the Top do (ect or) divide the Baſe 
into two equal Parts, it is both perpendicular to the 
Baſe, and alſo biſſects the Angle at the Top. For 
(vid. Fig. precedent) the Angle adc is equal to the 


Angle a4 U (by the laſt) and conſequently theymuſt 


be both Right ones; and therefore the Line 44 is 


perpendicular to the Baſe Y (1. 15.) and the Angle 
4a will be equal to 44 (by the laſt Prop.) 


17. In every Triangle the Greater Side is always 


oppoſite to, or ſubtends the Greater Angle. 


ln the Triangle abc, let the Side þ c be longer 
than baz then | ſay, theAngle bac ſubtended by the 
Greater Side bc, is bigger than the Angle c, which 
is ſubtended by the Leſſer Side. For let 44 be taken 


equal to h 4, then will 45 bean 
 Tſeſceles Triangle; whoſe Angle 4 
bad will be equal to 4a (2.15.  JYN> 
But the Angle e ie bigger! 
than bad (The Whole leing b 4 
greater than the Part) and there 
fore mult be bigger than 5% a (which rs equat 


ba d.) Now the Angle a4Þ is an External Angle 


in reſpect of the little Triangle ac; and therefore 
muſt be bigger than the Internal one c (by 2. 10.) 


O 


proved. 


i 


= a Ih I; 32 
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given to a Line given, the ſhorteſt is the Perpendi- 


longer than vB. 8 
For in the Triangle bac, the Angle à is a Right 
One, and conſequently bigger than either of the 
other; becauſe they muſt neceſſarily be both Acute 
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18. Of all Lines that can be drawn from a Point 


cular; and they are all longer, according as they 


are farther diſtant from it. Let 


Ih the given Line be a 4, and the 
Peint given ꝰ; let Y be perpen- 
dicular to 4 a; let alſo bc and 


ff!!! 8 De araws. 1 ioy, that## is 
the ſhorteſt Line that can poſſibly be drawn from ; 


and (for inſtance) is ſhorter than þ c (or any other 
that can be aſſignea:) And I ſay alſo, that 5 4 is 


(by Cor. 3. of Art. 10.) Therefore the Side h is lon- 
ger than 64 (2. 17.) as ſubtending a greater Angle. 


So alſo in the Triangle 4b c, the Angle 4c b is 

OD Obtuſe, becauſe the Angle hc a is Acute: And con- 
ſequently the Side 490 muſt be longer than , as 
ſubtending a greater Angle (2. 17.) „ 


rn. 


19. In every Triangle any two Sides taken toge- 
ther are longer than the third; becauſe a Right 

Lie is the neareſt Diſtance between any two 

Points. a _ „ 
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On a Line given ad, to make an Angle B, 
- = equal to a given one Z. e 


lac che Compaſlesin c, the Vertex of the given 
2 Angle, and deſcribe the Ark Rr; then Looping 


7 


them at the ſame di- 
s +} Aflance, ſet one Foot in 
; a, one end of the gi- 
ven Line, and with 
the other deſcribe the 
Ark 4; let Rr - 
from 4 to &; and 
draw ab, ſo ſhall 

8 the Angle ba Or 
--.M. Bhecqual ẽ 
For the Lege of 1 
5 each are Radii of e- 


, e ß e 1 
t Line 5% was taken equal to Ry; wherefore the 
> |}. whole Triangles c Ry and 464 muſt be equal (by 
13.) and conſequently the Angle à equal to c. 
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| PROBLEM I. 
Hence the Practice of making all ſorts of Trian- 
 gtes, Equilateral, Iſofcelar, or without any 

given Angles or Sides, will eaſily appear. 


P 


863 18 
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PROBLEM I. 
4 Right Line, as P, being given, to draw 
thro* a, a Point given, the L Za, pa- 
rallel to it. 


T w any Line, as XX, making any 3 
Through 4 draw any Angle, as 5, with the _ 
given Line; then make 
the Angle Za X= tob, 
and Z. a ſhall be the 5 


Parallel fought. ] 
For theAlternate An- 
gles a and bare equal bj ft 
Conſtruction: Where- -1 
fore 2 4 is parallel ta 


PSC f. zr. N 
PRO B IL. EM IV. 


Th Beſſect or Divide a given "Fe cb into 
1W0 equal Parts in 1 Point a. 


Open the Compaſſes to more than £ the Length 


Re. CTY 4 N 
Wat _ . 
M. 


#1181 of hac, and with that diſtance make 
VJ each End of bac, two Pairs of 
8 ON interſecting Arks, as at e and 4 
I ben drawing the Line e 4, it wil! 
N a. biſſect the given Line in 2. 3 
3,8 N doi ih Trizngles hed and 4% 
$8 AE are equal (by 2. 13.) Wherefore the 
Fill - 4 Angle ab4 =adc. Therefore the 1 
1 Triangles 2 bA and a Ac will be e- | 
qual alſo (by 2. 11.) and conſequently ab is to 1 
ar, 2. E. D- | 
P R O- 


r Seed d . 3. 2 r a 3 . 8 77 4 5 T 
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By much the ſame Method may a Perpendicular, as 
a d, be raiſed in the middle of any given Line, or 
one may be tet fall from the Point e or d, ro the 


9 given Line abc, and the Demonſtration is the 


fame in all. 


And after the ſame way of Practice may the 


1 given Angle bd c be biſſeded. 


If ſetting one Foot of the Compaſſes in 4, you 
take 45 equal to 4. And then ſetting the Com- 
paſſes in b and c, ſtrike the Arks interſecting each 
other in ee So ſhall Ze biſſect the Angle required. 
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2rilateral, or tour-fided Figures. 


rallel, the Quadrilateral Figure is 


D called a Parallelogram, as 4; but if not, 


tis called a Trapezinm, as B. 


3. When the Parallelogram hath all its four Angles g 
U [El Right, tis called a Reffangled Paralle- 


legrani ; ; or, for brevity's ſake, a Rectan- 


le a8 „ And if the Angles are right, 
and the Sides are all equal, tis called a Huare, as 4. 


+ * 


1 3 © 2 * 5 2 8 5 8 9 3 2 a, > fs 5 
AS G1 EE 5. e . ee 


1 © 8 E Figures, whoſe Sides are 
four Right Lines, and thoſe ma- 
king four Angles, are called Qua- 


. When the oppoſite Sides are pa- 
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ried or moved along the | 


 fition always parallel to l 
e . einen 
den, For then, ne d ĩð k. F 
Angle A which the De- _ 53%; nb, 
ſcribent makes with the Dirigent, be a right one, 
and AB be equal to A D, the Figure produced 
will be a Square, If A C be longer or ſhorter than 
AD, the Figure will be an Oblong or a Rectangle. 
If the Angle at A be oblique, only a Parallelo- 
gram at large will be deſcribed : Which when the 
Deſcribent is equal to the Dirigent, the Figure will 
be a Rhombus; if unequal to it, a Rycinòoides. 


4. If a Parallelogram hath all its Sides equal, 


but its Angles unequal, then 'tis called a 


Rhombus, as e. - ; 
5. If a Parallelogram hath neither 


its Angles nor Sides all equal, 'tiscalled _ 


a Romboiaes, as d. 5 „ 
The Generation of all Parallelogramick Figures 


will be eaſiy conceived, 


ou ſuppole the De. . e 


, ETTSSE A 
Dirigent AD, in a Po- 


i 1 Hence tis natural to ſuppoſe, that equal Lincs 
moving thro' the ſame or equal Spaces, will de- 
ſcribe equal Surfaces, Cl nn Sa, 


II. Equal Lines, with uniform or equable Motions. 
(7. e. being neither accelerated nor retarded) in e- 


qual Times, will deſcribe equal Surfaces : And if 


they do thus deſcribe equal Surfaces, it muſt be in 
—— : 
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III. Hence 


T = Hci BE n=: + 
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III. Hence alſo, if the Line à in a given Time 
deſcribe the Parallelogram A, and the equal Line & 
in the ſame Time de- 
ſcribe theObliqueParal- 


Wu IN - lelogram B or C, whoſe 
EXE 5 \ Perpendicular Altitude 
| A 5 B. 288 \ E \ is the ſame with that 
3 Jof A: Thoſe Parallelo- 


ye gu one to nech. 
Becauſe the Oblique Motion, which the Line # 


hath, whereby *tis carried either to the right or 


left Hand, is by no means contrary to the direct 
Motion downward; and conſequently, the Line 5 
will move the ſame perpendicular Diſtance in the 
fame Time, with an equable Motion, whether the 


latter Motion be impreſſed upon it or not. Where- 


A 


IV. All Parallelogramick Figures, with equal Baſes 
and equal Perpendicular Altitudes, muſt be equal. 


6. In every Parallelogram, the oppoſite Angles 


Fa 5 £ oc I ſay, the Angle o is equal to c; 
„ for the Angle o is equal to the alter 


. nate one h (1. 31.) and the externa! 
one 5 is equal to the internal one c (T. 31.) where- 


fore o is equal to c. 
. 3 the Figure from Angle to Angle, is 
called the Diagonal, and by ſome, 
the Diameter. ip 5 


8. Every Parallelogram is divided into two equal 


Parts by the Diagonal. The Diagonal h 4 divides the 


Parallelogram oc into the two equal Triangles o 
and Vc4, For, 1. The Angle o ig equal to.c (3.6, 


= 


. * N * 3 
_— IN 
5 . — OS. , 
5 WY. 2 


grams will be all three 


are equal. Let the Parallelogram be 


7. A Line, as 4b, drawn a-croſs 


* K. — 


always equal. 


Hes 
Tt” I 
"I 
3 
WIS: 
4 
be lh 
1 x v 


is 


Triangle bec (2. 14) And conſe- 

quently, the Side 2e is equal to eb, a 
de to the Side ec. The two Diagonals therefore 
biſſect each other in the middle, Q. E. DP). 


where 


n 1 ? nd a ö : 9 F 2 224 .. 58 - 
OS 1 N — oo i 1 9 0 : „ — % 5 as £ '* I f n . Fi 2 * \ = 2 
£ TI D ee e ene 8 . A e 2 I COS 7: N _— RF. $ be OR og dts err 
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2. The Angle % A is equal to c 4% (1. 31.) and 


the Side bd is common to both theſe Triangles; 


wherefore the Triangle o Al is equal to ch (by 


2. 14.) | | | | 
9. Inevery Parallelogram, the oppoſite Sides are 


 For(arawing the Diagonal d b) the whole Tri- 
angle 40 % will be equal to the Triangle Y c 4, by the 
foregoing Prop. And conſequently, the Side c 


muit be equal to 05, and the Side 04 to cb. 


ic. Two Diagonals, as ac and 64, dobiſſect each 
other in the middle at e. „F yak 
For in the two Triangles, 4 e and be c, the Side 


ad is equal to 503. 9.) The Angle ea d is equal 


to e (1. 31) and moreover the Jer 4 OF 
tical) Angles aed and ce bare equal 75 — 5 
ale 


alſo (1. 23.) Wherefore the whole Tri- „ 
angle ae dis reſpectively equal to the © 0 ? 


nd the Side 


11. Every Right Line, as Fg, paſſing through 
the middle of a Diagonal, divides the Parallelo- 


gram into two equal Parts. 


— Todemonftrate which, the Trapezinm or Irregu- 
lar Quadrilateral Figure Fg 4 4 mult be proved e- 
qual to the Trapezium fg cb. And that is thus 
done. 1. The Triangle %% is equal to the Trian- 
gle 4e g. For the Side 4e is equal to 
e by the Suppoſition; and the An- 4 4 1, 
| gle e fb is equal to eg4(1.3r.) and BY 
the e Angles at e are equal; d 
ore the Triangle eb is equal © 
to eag (2. 14.) 2. The great Triangle 4 5) 7 is e- 
qual to #26 (3. 8.) wherefore if from the Triangle 
4b you take away the little Triangle fe 6, 
e e 1 
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and inſtead of it put the Triangle e 4 g (which is 1 bo 


| equal to f e b) you will have the Trapezinm ſadg, . 
i which will be equal to the Triangle a 4% That is, to 
"1 to juſt one half of the whole Parallelogram (3. 8. ) or 
| which was to be proved. 2 
300 12. If in the Diagonal 4 5 you take a Point ase, 35. 
Wl! and thro' it draw two Lines, Yi and fg, parallel to th 
| il 3 the two Sides of the Parallelo- 4 
| | 1 5 ai gram, it will be divided by them 24 
1 ö i mto four leſſer Parallelograms, i. e. 7 
| 5 fi, hg (which two are called the - 
Will 4c parallelogramsabonttheDiameter) fr. 
. and a e, ec; which other two are 110 
5 aw the Complements. And thoſe two Comple- © 
1188 ments with either of the Parallelograms about the || 
1 Diameter, make a Figure that is called a Goinom, | 
Wl. | As you ſee 3 in the Figure, where the Gnomon is di- WM: a 
6 ſtinguiſned by being ſhaded. | 1 
1 13. In every Parallelogram the Complements ar are 1 
48 equal. We muſt prove that e ea is equal to ec. * 
I DEMONST RA TION. I 
Wh: | le 
0 i The whole Triangle a 54 is equal to the whats I 
1 bac 5 3.8.) and the little Triangle ef bis (for the WY 1 
41 ſame Reaſon) equal to eh i. And tl 


b the Triangle hed is alſo (by the | . 

: li i ſame) equal to e 4g. Wherefore | e 

if from the two equal Triangles, 9 

= 4 and bac, we take away equal | _ 

things, viz. if from one we take a- b 

way f b and 4he, and from the other ebiant | a 

eg 4, there will remain on one Side the Parallelo- 

1 gram ea, equal to the Parallelogram ec, which re- 
il mains on the other; which was to be proved. 


S327 a5 — ——ũ—3Eä— RK tw. 


- — — — — 
ODT ⅛ P ̃—— 745. 


1 134. Parallelograms having the ſame Polk, and 
=. being betwcen the fame Parallels, are Wen 


4 nnr 8 * ; 
P 8. 2 LN «at TOE 
R MEETS) 72 2 e 
oo 8 & WES 
C Tv. 3 
« * IJ : L&I; OY SITE 


= logram will alſo be equal to e %, be- 


between the ſame Parallels, cf and av, 


Book III. of GEOMETRY. 29 


Let there be a Parallelogram & c, and another af, 
both on the ſame Baſe 4 b; and let the 
Line c 4, when produced, be ſuppoſed L. 
to paſs by ef; ſo that the two Parallelo- | 

rams ſhall be between the ſame Pa- a 
rallels, and terminated by them; that 5 
is, between the t wo Parallels cf and 46. ay then, 
that the Parallelogram cb is equal to af. Mö 

For ca is equal to h 4, and ae equal to bf, be- 


| | cauſe oppoſite Sides of Parallelograms, and the An- 


gles at c and 4 equal (by 29. 1.) wherefore the Tri- 


: angle cae is equal to the Triangle 4b /. Now if 


from each of theſe equal Triangles be taken the _ 
little Triangle 40e, and to the Remainders be 
added the Triangle 40 b, the Parallelogram a4 
will be equal to the Parallelogram af. Q. E. D. 
15. Parallelograms on equal Baſes, ab and g H, 
and between the ſame Parallels ab and cf, are equal. 

For if we imagine the third Parallelogram fa to 


5 be drawn, that ſha]l be equal to the Parallelogram 


a4, becauſe on the ſame Baſe a with 

it, and between the fame Parallel , 7 

Lines 4 h and c f. And that Paralle- FED N | $3 
255 


Sa, 
- 
- 
o 
- 
t 


i 5 Go IN AN 
cauſe it hath the ſame Baſe ef with 4 6 
it (it matters not whether you reckon _ 


F the Baſe above or below) and it is between the 
- fame Parallels. Therefore He and bc, being both 


equal to the third Parallelogram f a, muſt be e- 
e,, Oo ST 
16, Triangles on the ſame Baſe ab, and being 


are always equal. „„ 


The Triangle 4h is equal to e. 
Becauſe if you imagine a Line 2 4 Nee 
drawn parallel to 4c, and another, as 


| # f, drawn parallel to a e; there will bs made two 


| Parallelo- wo. 
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Parallelograms a CA, and af; which being on 
the ſame Baſe, and between the ſame Parallels, will 
be equal to one another (3. 14.) | 5 
But the Triangle 4 bc is the half of the Parallelo- 
gram ac, and the Triangle 20 e is the half of 
the Parallelogram a ef (3. S.); wherefore ( ſiuce the 
M holes are equal, rhe Haives intiſt) and conſequent- 
ly the Triangle ach is equal to the Triangle a eV. 
17. "Triangles on equas Baſes, and between the 
fame Parallels, are alſo equal; as is very eaſy to 
prove from (3. 15.) 5 5 


Parallelogram, and be 


the half of that Paralle- 
logram. For it will (bill 
be equal to abc, which 


"= 1 a bel. 


ver'd above ; If you ſuppoſe, 


A 4+ B = © or A C, before its Motion, be 


bd... divided into any determinate 
| . 5 
4 Number of equal Parts; and 
, 25 the Dirigent (now ſuppoſed to 
3 ſtand at Right Angles with it) 


into the ſame or anyother Num- 


ber of ſuch Parts; for then the 


Motion of the Deſcribent Line, thus mark'd out by | 
Points into Units, will deſcribe a Square (if the Di- 
rigent be equal to it) and a Rectangle, if it be une- 
qual. Which Square or Rectangle will be divided 
into as many little Squares as there are Units in 
5 8 VVV 


—U—é un.. "A > 1 nere 7 
* Eo : 3 
' . * > 2 + * 7,440 ot 
5 * * 2 n _— 
8 n e e 2 
Dr et ee, ond ee ee l > 


18. If a Triangle act have the ſame Baſe with a 7 


C alſo between the ſame 
Parallels, it ſhall be juſt 


is jult half (3.8.) of | 


CV Uf!!! Menſuration of 
all Squares, Rectangles, Parallelograms and Trian- 
gles will be underſtood from what hath been deli- 


1. That the Deſcribent AB 


* 


„N — „ 


r a. a F'TY . a 


K . Neue = 161" 7 
u 8 * Sx SOR WE 6,6 
” Ns 8 (44.9 — 434 x 
"8 . l 3 — 3 uh af 
dt an Ea I dad 


; 


the ſame Altitude with a A Z 


Rectangle of the ſame. 
Baſe and Altitnde: To 


angle ABC, 
multiply any Side, as BC, 
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the Product of the Number of the Diviſions, or e- 
qual parts in one Line, multiplied by thoſe in the 
other; That is, A B 4 multiplied by AD 4, pro- 


duces 16, the Square of 4. And A C6 multiplied 


by A D 4, produces 24, the Rectangle under A C 


and A D. So that what is a Product in Numbers or 


in Arithmetick, in Lines, or in Geometry, is cal- 


led a Rectangle. And therefore you will find the 
Latin Writers of Geometry, when A C is to be mul- 


tiplied by AD, not ſaying Multiplica, but Duc 


ACinAD: That is, carry the Line A C along 
the Dirigent A D, in a Normal Poſition to it, 'till 
it come to end, and then it will form the Rectan- 


gle A E = 24; wherefore the Area of a Square is 


found, by multiplying the Side A B into itſelf, 
Ihe Area of any Rectangle, as AF, is found by 
multiplying the Side A C „ 1 

by AD. 

And ſince a Rectangle 


on the ſame Baſe and of 


Parallelogram is equal to T F 
it z to find the Area of TEE A; 


any Parallelogram, as AB, you muſt multiply the 
Side AC by a Perpendicular, as P, let fall from the 
J 8 
And ſince every right lined Triangle is the half 


of a Parallelogram or 


find the Area of the Tri- 


you muſt 


by a Perpenpicular, as P, Ss 


JJ. ãðé 

poſite Angle, and take half the Product: or if ei- 

ther P or B happen to be even Numbers, multiply 
5 5 . n 


8 ” Cone anal . 2 — 
1 SA a — - 
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one by 3 of the other, the Product is the Area of 


the Triangle. 2 : 
| 19. A Pentagon is a Figure having five Sides and | „ 
1 ſive Angles. - Fa Ms ar; 
1 If all the Sides are equal, and conſequently the 1 
1 Angles, tis called a Regiilar Pentagon. | - 8 
20. An Hexagon is a Figure of fix Sides and An- R 
1 gles, an Hatagon of ſeven, an Octagon of eight, Sc. „ 
which are all called Regalar when they have equal | 
"187 Sides and Angles Po ies =" 
11 21. A Polygon in general ſignifies any Figure of | 
many Sides and Angles; but no Figure is called by 
this Name, unleſs it have more than four or five 
Sides. V 8 a) 
„„ 22. Every Polygon may be divided A 
into as may Triangles as it hath Sides, wy 
if any where within the Po/ygon you : 


take a Point, as 4, and from thence | 
draw Lines to every Angle ab, ac, n 
ad, &c. they ſhall make as many Tri- m 
angles as the Figure hath Sides. 
2853. The Angles of any Polygon taken all toge- B8& 
ther, will make twice as many Right ones, except | 
four, as the Figure hath Sides, v. gr. If the Polygon | © 


have fix Sides, the double of that is 12; from ce 
_ whence take four, there remains eight. I ſay, that | V 
all the angles of that Pig, vis. C, C, 4, e, , g, taken | fo 
together, are equal to eight Right Angles. For tbe 
Lines 4 b, ac, ad, &c. do divide the Figure into ſix þ|Þ by 
Triangles; the three Angles of each of which are l 
equal to two Right ones (2. 9.) fo that all their Si 
Aygles together make 12 Right ones. But now, : 21 
each of theſe fix Triangles hath one Angle in the | R 


Point 4, and by it they compleat the Space all round |. tes 
the ſaid Point. And all the Angles about that Point, | . 
are equal to tour Right ones (1.22.) Wherefore | Su 
thoſe four being taken from 12 (The Sm of the 
N ä 1 


** 2 ' 
8 en og. 44 
K 1ST 


nal Angles together will 
| make twice as many 
Right Ones as the Fi- 
gure hath Sides; but 


ing out the Sides, as in 


by drawing Lines from Angle to An- 


Right: lined Figure may be found, by 
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Right Ang gls of all the [ix Triangles) leaves eight, 


the Sum "of the Right Angles of the Hexagon, 


which make 8 times 9o, or 720 Degrees; and there- 

fore each Angle mult be c of that, VIZ, 120 De- 
rees. 

So that the Figure bath plainly twice as many | 


Right Angles as it hath Sides, _ at which 
was to be proved. 


COROLLARY. 


All the external Aus es of any Rd os Figure 
are equal to juſt four 


Right Ones: For draw- 


the Figure, *tis plain „ 
the internal and exter- 


the internal Angles are 


equal to all thoſe, ex- 


cept four(by thisProp.) . 
Wherefore the external Angles mul make up hos 


four, and no more. 


24. A Polygon may be divided alſo] into Triangles 


ole. But then the Number of the 
Sides will exceed that of the Zrian- \ |, | 8 
gies. And hence the Area of any \ / _ , 


reducing it into Tyiangles, and then finding the 4. . 


rea of each Triangle ſeverally, adding all into one 
Sum, 


B PRO 


— — — 
* — — 
— 


2 ELEMENT? 
PROBLEM I. 


On a given Line a b, to make a Parallelogram * 
having an Angle equal to a given Angle A. 


* 
« 
0, . 
« W 
2 
q 
1 
. = < 
* 
Xx 
* 
2 
3 1 
> 
"* 
7 


Make the Angle ca b = A. Then take 40 in 
our Compaſſes, and ſetting one Foot in c, ſtrike 
an Ark, as 4. Next take the Diſtance ac, and plac- | 


ing one Foot in &, croſs the Ark in 4; draw c4 
JJ EE 
And thus alſo may the Line c be drawn parallel 
to ab, thro a Point aſſigned, and any Parallelogram 
readily be Aeferib ec... 


PROB, | 


M, 


zu 
ike 
ac- 


2 
C4 | 
iel | 


** 
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PRO B. II. 


A Triangle a b d being given, to make a Paral- 


lelogram equal to it, ich foall have a given 
Augle equal 70 A, 


Biſſect the Baſe of the Triangle 3 inc: Make the 


Angle 64e=A, thro” the Vertex 4 draw ae paral- 54 


lel to the Baſe bd. Make ae=cd, and | draw ac. 
So will ce be the Parallelogram required. RE 
| For being on but half the Baſe, and of the ſame 
Height with the Triangle, 1t will be equal to it, by 
the 1874 of this Book, and its Angle 2 e is equal | 
to A. Q E. F. 


PROB. U. 


| On a Line given, as L, to make a Pralle 


equal to a given 7. Triangle cbe, and baving an 
Angie 2 5 to an Angle given, as A. 


Make the Parallelogram 4 0 equal to the Was 


ple, a and having its Angle e = 4 by Problem the 


'Þ 2 Oo laſt. 
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laſt. Then produce po, till o in become equal to 
IL, and draw out 4e, till en be alſo equal to L. 
Then draw the Diagonal 720, producing it till it 


f 8 . - 
2 =- ny oO www oo. 


y 
3 


e NN 
7 LO = 7 


: . Ppennes oe In er mA TITTY D RY CPL 2 : 
2 * TI: 2 hg — CE - 2 8 + 2 Ne 8 4; — 
— ... 


1 
SLE AAR 


TG 


meet with 4 P, alſo produced to 7. Then draw | 
FI n, and uk A, and that will compleat 
the Parallelogram fn; in which the Complement 

Am will be equal to pe (3. 13.) which is equal to 
"he Triangle .. J 
And thus tis eaſy to make a Parallelogram equal 
to any Right-lined Figure given, by reducing that 
Figure into Triangles, ee. 


. 


. e 
l 


— 
— — —— a 
ce Spe ae eee WR as SURE USGS A $20 


541 


_ 4 
5 5 


400 or enter n it. Thus the Line 
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* 25 Line is ſaid to Touch (or to be Tun. 
PE gent to) a Circle, when, 
Jr though produced both 
A Ye Her © from the Point 
5 Mok Contact, it will on- \ 
— 1% touch it, and not d- 


a touches the Circle C, as that Circle 
C doth the Circle D'; but 4 enters 


within the Circle, and m it, aud 1s called 4 . - 
cant, | | 


2. If a Right Line enter within a Circle, and cut 


it into two Parts, thoſe Parts are called Segments : b 


is a leſs Segment, and D a greater: That Part of 
1 he 
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he Line cutting the Circle (and which is within it) || 
is called a Ch0r4, as e f. And the Parts of the Circle | 
(or rather Circumference) cut off, are called Arks: | 
The Chord with the Ark makes two mix'd Angles, 3 


as eandf, and they are called Angles of a Sgment. 
3. If you take a Point, as c, in the Ark of any Seg- | | 
ment, and from thence draw two Lines 

Px 5 £0 and cb (to the Ends of the Chord) they | 
' ſhall make an Angle ac; which is call'd | - 
an Anglein a Segizent ; And that Angle : 

ac is laid toznſiſt or ſtan on abda, the ; 
Ark of the other Segment below. |. 
4̃᷑. A Sectorof a Circle is a mixd 
Triangle comprehended between two | 
Radii, 4b, ac, and the Ark of the | 
Je Circle c; tis mark'd in the Figure 
2 c by being ſhaded. ; T y.. © 
„ 5. Ifat the End of any Radius, or Se- | © 
midiameter, 4 b, you draw a Perpendicular, as 4b, |} 
it ſhall touch the Circle but in one Point. And allthe | 27 
Points of the Line Yi ſhall be without | © 
45 d the Circle ; w. g. I ſay, the Point 4 (or | 
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3 M any other aſſignable) is without: For if 6 
l 4 pou draw the Line a4 from the Center, 
5 aud that ſhall cut the Circle in the Point 4 
# c, that Line 4 4 will be longer than ab; 7 
il (2. 17.) and conſequently longer than ac, which is 4 
_ equal to 2% (I. 14.) Wherefore the Point 4 is with- 1 2 

178 out the Circle. E. BD. „„ h 
"8 6. A Chord, as h c, is divided into two equal Parts | © 
Wo -__.. (or biſſected) by a Perpendicular 44, 1 * 
3 drawn from the Center 4. For the Tri- 1 


© angle 40 c is an Jſoſceles, becauſe Þ g is - P 


equal to c (1. 14.) and therefore the | 2 
Perpendicular a 4 biſſects the Baſe bo | 2 
2. 16.) The Ark be 18 allo by this 1 5 


means biſſected. ine 


} 44 (2.15.) Wherefore if from the 


cad, dab, fa g and gah, muſt beall _ * 


| Doubles will alſo be equal, i. e. The Sec- 


| rhe Circle.) All theſe Lines have Ariifi- 
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J. Two Tangents, cb and c 4, drawn from the 
ſame Point without a Circle, are equal one to ano- 
ther. For, draw from the Center to the Points of 
Contact, Y and 44; then will thoſe 
Lines be Perpendiculars to the Tangents 
(by 4. 5.) Then if you draw alſo the 5 
Line & 4, the Angle a bA will be equal to 


Right, and (eonſequentiy) equal Angles 8 


cba and c 44, you take mw the equal oneab 4 


and a 4b, the remaining Angles c and ca will 
be equal: Wherefore their oppoſite Sides muſt alſo 
be equal by the Converſe of (2. 15.) That is, cb is 
equit tos, , ined 
8. Equal Chords, as Oc and f H, do cut off equal 
Segments h 4cand f$ h. And the Perpendiculars ae 


and 44; drawn to them from the Center, are alſo e- 
qual, as is eaſily proved; (faith Pardie, but hegives 
#15 no Demonſtration.) Ni tis plainly thus proved ; 


The Chords and Arksare both biſſefled by the Perpen- 
diculars (4. 6. ) Aud therefore the Sectors 1 


8 


equal; as alſo will all the Triangles x, 2, 
o. and k, by (z. II.) Therefore their. 


tor b a c will beequal to f a h: And the 8 75 
Triangle ba c to the Triangle fa h. And _ 


o 
* 
oy 


8 if theſe laſt Trianglesare taken from the equal Sectors 
ha fand bac, the Segments be d ana h g f muſt remain 


equal. I hat the Perpenaiculars are equal, is plain from 


the Equalities of the Triangles 2 and o, o X aud K. 
9. Let there be a Semidiameter Rc, and a Per- 


pendicular (to it without the Circle) RT, 
another Line cutting the Circle in 8s, R 
and a Perpendicular (fall from thence) M 
to the Radius R C in 2 (a Point within \ C 


D 4 _ cial | 


cia! Names. The Line TR is called the Tangent of 
the Ark RS (which ſuppoſe 3 30% J is called the Se- 
cant of the ſame Ark of 305 and the Line Sis called 
the (Right) Sine of the ſame Ark. RC is by ſome 
called the whole Sine, but moſt uſually the iodine 
ANA 72 R is called the Verſed Sine of the ſame Ark. 
1 10. If in the Circumference of a 


5, and from thence draw two Lines to 
the Center c, and two others to any 
I/ Point, as 4, in the Circumference ; they 
E ” wil make two Angles, of which a cb 
is called an Avgle at rhe Center, and 
e4ban Angle at the Cirenafer eice. 
1E The Angle at the Center 4 c h is always dou- 
ble to one at the Circumference a 46 
(ft Ning With it cu the fame Ark a b. ) 


Of l there are th ree Caſes. 


I. If one of the Lines, as 4b, paſs 
thro' the Center c, then itis plain the 
external Angle 4c (2. 10.) will be equal to both 
the internal and oppoſite ones 4 and & taken together. 


But the to Angles 4 and à are equal, Pee | 


"6 png ſoſceles Triangle, whoſe Side a cis equal 
to 4 (2. 15.) Therefore the Angle cat the Center 


being . to both, is double of either alone: That 
18, double to 4. Q. E. D. 


II. If neither of the Lines 4 b, FF K fans 
je Angle at the Circumſerence ) paſs 


ſame Side of the Diameter) Let the Dia- 


cumference) | 


Circle, you take two Points, as & and 


thro? the Center c. (but ae 


meter 40% be drawn. Then will the 
* whole Angle ace (at the Center) be 
double to Ne Angle a de (at the Cir- 
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cumference) by what was proyed in the firſt Caſe. 
Allo the Angle ce is double to Y 4e, by the ſame. 
| Wherefore if from the Angle a ce, we take away 
that ce, and from the Angle a4 e, which is the halt 
of ace, we take away de, which alſo is the half 
of bc e, the remaining Anglea4 b muſt be juſt the 
half of 4c b. For tis as plain as an Axiom, that if 
one Quantity be double to another, and you take 
away from the Bigger, juſt the Double of what you 
take from the other, the Remainder of the Bigger 
muſt be double to the Remainder of the Leſſer. 


ing the Angle at the Circumference: 
Then will, as before, the Angle ace _£+ 
be double to 4 Ve (by Caſe 1. of this) , /. 
and the Angle ec4 will be double to | / 
eb by the fame; therefore the whole 
Angle a cd muſt be double to 4 4. 
(Co that in all Caſes the Angle at tie 
Center is double to one at the Circnmference, if they 
beth ſtand on the faize Ark, or (which is all one) are 
in the ſame Segment. F 
12. All Angles (in the ſame Segment er) inſiſting 
on the ſame Ark 4 b, are equal, let 
them terminate in any Part of the 
Circumference whatſoever. 
For the Angle a2 4b will be equalto \, :: 
ae b, becauſe each is the half of the a 
Angle at the Center 4 c (4, 11.) | 
13. An Angle at the Centervce, 
ſtanding on halt of the Ark ae, is e- 
qual to the Angle Aa 4b at the Circum— 
| ference, ftanding on the whole Ark; 
for e is equal to twice x; (by 4. 11.) N\ 
ani x isequal to o, that is to half ab d, _—- 
(4. 6. and 4. 8.) Wherefore c isequal to a d b. Q. E. D. 
„„ ; | 14. The 


III. If the Diameter fall between the Lines form- 
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14. The Angle a4 ö ſtanding on the Semi-cir- 


cumference aeb (or being in the Semi- circle a d b) 
is a Right One. Let ce be drawn biſ- | 


ſecting the Semi-circumference a e; 
then is (by the Precedent) the Angle 


a Semi- circle (or n 4 Quadrant) e- 


which ſtands on twice that Ark, or 


on a Semi-circle. But a ce is a Right Angle 


wherefore a4 Þ (its equal) mult be fo too. 


COROLLARY I 


Hence is derived the common practice of Erect- 


ing a Perpedicular, as 4 b, at the End of a given 


Line. For opening 


the Compaſſes to any 


ſet one Point in c, 


e e in ; then a Ruler 
laid from 4 to c ſhall 


find the Point 4, which is perpendicularly over 6 : 
For the Angle 46 4, being in a Semi-circle, is a 
Right One. batt 


þ ace at the Center, landing on half | 


© nos el oat er 2 Fes 


qual to a4b at the Circumference, | 


convenient Diſtance, 


: and with the other 
draw the Arkdba, 
cutting the given Line 
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2" COROE Il 


Hence alſo ariſes this expeditious Practice of 
Tl. drawing from a Point given, as , a Tangent, as av, 
to a given Circle, For joining the Points a and 4, 


21m. RR « A 22 EN 


| f 
& 
5 d 
| i 
x 


the Center of the Circle, biſſect their Diſtance 4 4 Aj 
in the Point c On c, as a Center, deſcribe the Se- = 
mi- circle a So ſhall ab be a true Tangent, be- J 
cauſe the Angle 40 being in a Semi: circle, is a 
Right One. 3% 5 

15. The Angle 464 in a Segment leſs (char ÞF} 
Seini- circle) is Obtuſe : Becauſe the 5 
Ark 2 ed being more than half the 5, 
U.ircumference, its half, the Ark à e, 


*** a 
3 n . 


muſt be more than 90 therefore Ai 
the Anglea h d, which is equal to ji 
', ace (4. 13.) mult alſo be more than ö 
80%, that i obtuſe. | 


— — - 
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16. The Angle ab d made in a Segment greater | 


than a Semicircle, i is Aclite. 
1 For'tis equal to the Angle ace (4. 


£N \ balf of z e 4, an Ark leſs than a Se- 

— d micircle, muſt be leſs than 900. 

i And therefore a bd is leſs than 90“. 
eee ACUTE: - 

17. If a Right Line, asg b, touch a Circle, as in 
the Point 2; and another Line, as ae, cut it there; 
The Angle ha e ſhall be equal to H, or any Angle 
made in the oppoſite Segment 4 he. And the Angle 


eas ſhall be equal to J, or any An- | 


d gle made ia the other Segment 
8 g. 

— s For, drawing the Ban ad 
which will be perpendicular to 4 b 


** _ _ 


(4. 14.) and conſequently, becauſe the three An- 


gles of every Triangle are equal to two Right 
5 Ones, (2. 9.) The Angle e a4, together with 4, muſt 
make juſt another Right Angle. 


Rut that Angle Ant e, together with e 2 b, Joch 


make alſo a Right One, becauſe the Radius e a is 
perpendicular to the Tangent ab: W herefore take | 


away e a d from both, and then e 40 will remain e- 
qual to 4; and conſequently to V, or to any other 


Angle in that Segment a he, or that ſtands on the 


3 Ark e f a: For all thofe Angles are equal (by 
12.) The Angle eab therefore is equal to Y; 

which i is the firſt Partof the Propoſition. 
We mutt next prove the Angle gage to be equal 


| tf; ; which is the other Part. 


In the Triangle a e, all the three iber, Fand 
a, are equal to two Right Ones (2. 9.) And the An 


gle c cis equal to f a b, by the firſt Part of this Pro 


poſitio- 


13.) whoſe Meaſure ge being the 


- oo 
2 3 - 
* , 2 8 CI ot 
Ne oa EE; dt 


NS nee 


" 2 (4 9.) (aud alſu the Line dee ) The 1 
1 a Angle ge A will be a Right One; 


A 
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4 


7 poſition ; for Fa may be canfider'd as cutting the 
Circle in the Point a, where 45 touches it, and con- 
ter ſequently Fa will be equal to any Angle that can 
be made in the oppoſite Segment 4% Jef'; and 


4. therefore to e. Now the two Angles e af, and fab 


he (that is e) together with /, are equal to two Right 


75 


Ones, (2. 9.) and ſo are af, and Fab taken toge- 


2. | equaltogae. Which was to be proved. 
18. Every hy egos Figure, as 4 ef a, inſcrib- 
ed in a Circle, 


8 together (as 4 added to f ) equal to 


le | two Right Ones. wy d: De 
ie | For if thro? the Point a, there be / \ * 

i- | drawn a Tangent, asg C, and a Dia- * 
it gonal, as £4; the Angle at F will 


be equal to gae (4. 17.) and the 2 
? Angle ea b will be equal to 2 (4. 1. 


„ And conſequently the two Angles, g 4 e and e b, 


3 4 and F taken together, muſt be ſo too. 


- | Aﬀeer the ſame Manner might the other two op- 
t | poſite Angles, 4 af, and 4e ,, be proved equal to 
t | two Right Ones, by drawing another Tangent 


; thro' the Point F. 


3 


may then be inſcribed in a Circle; that is, a Cir- 


its four angular Points. 


5. ther with ge (1. 20.) Wherefore the Angle F is 


ath its two oppoſite Angles taken 


being equal to two Right Ones (1. 29.) the Angles 


109. The Converſe of this Propoſition is alſo ma- 
nifeſt; vis. That if any Quadrilateral Figure have 
its oppoſite Angles equal to two Right Ones, it 


dle may be made that ſhall touch or paſs thro? all 


20. A 


r 
9 i © 
* — 


— - — 


ELEMENT S 
20. A Rectilineal Figure is ſaid 


when all its Sides touch the Circle 


angle 4 ae is circumſcribed about 

the Circle bg f ; becauſeevery Side 
C of the Triangle touches the Circle 

ws in , g and. 5 

21. A Figure is {aid to be [ſcribed in a Circle, 

when all its Angles are in the Circumference of that 


Circle, as the Triangles bc, in the following Figure. 2 
22 Every Triangle, abc, may be inſcribed in a 


Circle; for if two Lines, ase þ they 


ſecting the Sides b 4 and cb, they 
i will croſs or meet each other in the 
a Point e, on which, as on a Center, 


8 


that that Circle ſhall paſs through a and c. 

For, I. The two Triangleseib and ei & are e- 
qual; becaule 7 0 is equal to i 4 by the Suppoſiti- 
on, the Side e i is common to both, and the Angles 


qual to 4 (2. 6 | 


at i are Right. Wherefore the Side e is alſo e- | | 


III. And for the ſame Reaſon the Triangles ehe 
and eh b maybe provedequal, and conſequently, the 


Side ec alſo will be equal toe and toea, But if 


thoſe three Lines are all equal, the Point e, where 


they meet, mult be the Center of a Circle of which 
they are Radii - And therefore the Triangle is cir- 
cumſcribed by a Circle. Q. E. D. . 


Aud thus may a Circle be mae to aſs through any 
three Points, if they be not all in a Right Line. | 


23 Every 


- * 
13 
" 
4 


199 
16 
SEX 


to be circumſcribed about a Circle, 


: 


1 \ * 
19 
F 2 


without cutting it. Thus the Tri- 


— — — 


ei, are drawn perpendicularly biſ- Z 


, a Circle may be drawn which ſhall | 
paſs through b. And 1 ſay alſo, | 


8 8 — 2 


of the Polygon. 
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23 Every Triangle may have a Circle inſcribed 
in it, or be circumſcribed about one. Vid. Fig. in 
Art. 20. 5 

For drawing the Lines ae and ea, biſſecting the 
Angles a and 4, and from the Point e, where they 


cCroſs, letting fall the Perpendiculars (to the Sides 
of the Triangle) eh, ef and eg; I ſay, that if you 


draw a Circle on the Center e through &, that Cir- 


dle ſhall touch all the Sides of the Triangle in the 
Points b, Fand g. * 


For, I. The two Triangles 2 e and ae h are e- 
qual, as having the Side ae common, the Angles at 
J and & Right, and thoſe at g equal (by the Suppo- 
ſition:) Wh ; 


ereforee Þ is equal to ef. (2. 14.) 


IT. By the ſame Method e g may be proved equal 


alſo toe f, (that is to e &) ſo that theſe three Lines 


being all equal, a Circle will paſs through their three 
Extremities, of which Circle they will be Radii; and 
being alſo all perpendicular to the Sides of the Tri- 
angle, the ſaid Sides are Tangents to that Circle (a. 

5. Jand therefore do circumſcribe it (by 4. 18.) 


234. Every Polygon circumſcribed about a Circle 
is equal to a Rectangled Triangle, one of whoſe. 
Legs ſhall be the Radius of the Circle, and the 
other the Perimeter (or the Sum of all the Sides) 


PR 

HET. — e 
v 575 3 + 95 — 
R 


. ĩ˖⸗c ee 


; : 
rr 
IO 


Let ths? Line F A be equal to the Radius Fh, and 
to it, at Right Angles, draw the infinite Line 
ABCD, c. out of which take A equal toab, | is 


HB equal to Yb, Bi equal to bi, and C equal to Je 
70, &c. So that the whole Line ABCDEA may be «+ 
equal to the whole Compaſs, or Perimeter of the cc 

Polygon 4% de. Alſo draw EF parallel to AA, | 
ſo that all the Perpendiculars, FV, Fi, F x, &. | pt 
may be equal to the Radius F Y, or f 7 i, &. 'Tis | cl 

then plain, that the Triangle AFB will be equal to- ci 
the Triangle af bin the Polygon, andthe Triangle «© 
BFC, to bc; andalſo CFD to cf 4, 8c. So that | _ 
all theſe Triangles taken together, will be equal to F| 
all theſe in the Polygon, or to the whole Polygon. es 


But the Triangle FAA is equal to all the five 5 
5 Triangles within the Parallels; becauſe drawing the | P 
Tines BF, CF, DF, Oc. the Triangle FAB will 1 
be equal to FAB, FBC to FBC, We, (;. 16% BN 
Wherefore the Triangle FAA is equa] to the Poly- | P 
gon, which was to be proved. = RE” 
2335 Every regular Polygon is equal to a Rectan- 3 
ge led Triangle, one of whoſe Legs is the Perimeter [ a 
of the Polygon, and the other a Perpendicular drawn E 
from the Center toone of the Sides of the Polygon. g 
Ihe Proof of which is the ſame as that in the pre- 
it cedent Propoſition: For all the Perpendiculars Fh, 


f a 

18 <F fs f e, &e. are equal, Oc. See rhe wa Figure. t 

[ | un -berefore the Area oſevery regular Polygon is found x 5 
bi by multiplying the Perpendicular let fall from | t 
the Center of thetinſcribed Circle by any one Side; a 

1 and then multiplying the half of rhe Product ty 4 
1 7006 Number 5 716 St: 4e. a 
a 

| 8 2 * 2 X | | a2 


3 


3 


Poor if you draw a Tangent eb4, which 


w X. 


a Right one (4. 5.) the Side 4 b, is 
longer than 2c (2. 17.) That is, than 


as may be collected from (3. 7.) And 
therefore it muſt be greater than the 


26, Every Polygon circumſcribed about a Circle, 


is bigger than it; and every Polygon inſcribed, is 


leſs than the Circle; as is manifeſt, becauſe the 
thing containing, is always greater than the thing 


© _ contained, „ 
27. The Perimeter, or (as ſome call it, tho' im- 
properly) the Circumference of every Polygon cir- 
cumſcribed about a Circle, is greater than the Cir- 
cumference of that Circle; and the Perimeter of 
every Polygon inſcribed, is le.. 
28. If in any little Segment of a Circle, you in- 
+ fſcribean Iſoſceles Triangle, as g; ſo that a be 
equal to hc; I ſay, that Triangle ſhal! 


be greater than half that Segment. 


rh 
>] 


ſhall be parallel to ca; and which 3 9 


hall be, as c 4 is, perpendicular to the AS , 
Radius ./; (4. 5.) (4. 6.) And then 4 
compleat the Rectangle a d e c; that | 
Ret 


Ea. 


0 - 


greater than half the Segment abc. _ 


29. Let there be a Tangent a4 b, a Secant f cb, 


a Chord ac, and another Tangent 4; I ſay, that 


the Triangle 40 is more than half the mixt 'Trian- 
gle a cb, comprehended between the Lines 4 b, c, 
and the Ark of the Circle 4 c. For in = 


the Triangle 4bc, the Angle c, being 


44 ; which is equal to 4 c (4. 7.) 
wherefore the Triangle c (having | 
a longer Baſe, but the ſame Height 
withadc) mult be greater than it; & 


E 
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angle will be greater than che whole Segment 2 
ach: But the Triangle abc, is the half of that 
Parallelogram (3. 18,) And therefore muſt be 


— 7 
—— — 


— 


WTI 
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half of the whole Triangle 4c b. But the Triangle 4 


as ſmall as gou ao; 


— — X — th 


a c b, is greater than the mixt Triangle, made by 


the Ark ac, and the Right Lines, 4b and ac; and 


therefore the Triangle þ 4c, (which is more than 


half of ac) muſt be greater than the half of the 


mixt Triangle a Uc. Q. E. D. 


30, From theſe two laſt Poſitions, it follows, that | 
by multiplying the Sides of Polygons, you may make 

them ſocircumſcribea about, or inſcribed in Circles, 
that the Difference by which the circumſcribed ex- 
cceds, or the inſcribed wants of the Circle, ſhall be 


as ſmajlas you will: Becauſe if from any Quantity 


whatever, youtake more than the half, and from the 
Remainder more than its half, and again from that 


Remainder more than its half; you may by doing 
this very often, at laſt come to leave a Remainder as 


ſmall as you pleaſe : as is ſelf-evident. Thus ($% | 
re 28th Hgure) after a Triangle is inſcribedina | 
Circle that ſhall be leſs than it by the three great | 
Segmente, you may inſcribe an Hexagon that ſhall | 
exceed the Triangle by thoſe three Segments, bur | 
hall be leſs than the Circle, by the fix little Seg- |} 


ments that are left white in the Figure. 


Baut thoſe ſix white Segments taken together, do 


not contain ſo much Space as the half of the three 


former ſhaded ones, (4. 28.) After this y ou may al- . 


ſo inſcribe a Dnodecagon, which will be leſſer than 


the Circle by 12 ſmaller Segments; which 12 Seg- 


ments will ſtill be leſs than the half of the ſix Seg- 


ments of the Hexagon: And thus may you, by in- 


creaſing the Number of Sides of the Polygon, leſſen 


the Difference by which the circumſcribing Circle 


exceeds it, as much as you pleaſe. So likewiſe on 


the other Hand, you might have firſt circumſcribed 
a Triangle, then an Hexagon, and then a Duodeca- 
gon, Sc. (and have made, that way, the Difference 
between the circumſcribing Polygon and the Circle, 


A606. GS MM & 


31, Every | 


Fe, > JD 


CEASED 


Ho er 


| © Becauſe every imaginable inſcribed Figure, wh 


— 
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31. Every Circle is equal to a Rectangled Tri- 
angle, one of whoſe Legs is the Radius, and the other 


| a2 Right Line equal to the Circumference of the Cir- 


cle. For ſuch a Triangle will be greater than any 
Polygon inſcribed, and leſs than any Polygon cir- 
eumſcribed, (by 24, 25, 26, and 27 of this fourth 
Book.) And therefore mult be equal to the Circle. 

For ſhould it be greater than the Circle, be the 
Exceſs as little as it will, a Polygon may be cir- 


. cumſcribed, whoſe Difference from the Circle ſhall 
be yet leſs than the Difference between that Cirele 


and the Rectangled Triangle, and that Polygon 


Will be leſs than the Triangle, which is abſurd. And 


if it be ſaid that this Rectangled Triangle is jeſs 
than the Circle, an inſcribed Polygon may be ma de, 


Which ſhall be greater than that Triangle, which is 

E VPP 
This kind of Demonſtration, which we here 
Auỹſe, and which iscalled Reductio ad Abſurdum, ſive 
2 Im poſſibile, is one of the fineſt Inventions of the 


* Ancients: And on it is founded all the Geometry of 


Indiviſibles; fo that I cannot but much wonder 


© ſome of our Modern Authors ſhould reject it as 


indirect and deficient. But if we mult arrive to 
| © ſuch a Point of Niceneſs, that we can't bear any 


* Demonſtration, unleſs it be Direct and Poſitives 
© *ris eaſy enough to give this before us ſuch a Turn, 


| © as ſhall render it Regular and Direct. 


For this cannot but be admitted as a Principle; 
Lyhat iſtævo determinate Quantitiesa and b are ſuch, 
* that every other imaginable Quantity, ufich is 
< greater or leſs than a, is alſo greater or leſSthan b; 
* theſe two Quantities a and b muſt be equal, And 
© this Principle being granted, which is in a Manner 

ſelf. evident, it may directly be proved that the 
Triangle (be fore- mention'd) is equal tothe Circle: 
ich 
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- is leſs than the Circle, is alſo leſs than the Tri- 
angle: And every circumſcribed Figure greater 
* thanthe Circle, is alſo greater than the Triangle. 
This is that which is called the Quadrature of 
(or ſquaring) the Circle, which conſiſts in finding a 
Square, Triangle, or any other Rectilineal Figure 
exactly equal to a Circle, And this would eaſily 


be done, could we find a Right Line equal to the 


Circumference; as is plain from this laſt Propoſi- 
tion. But ſuch an Equality is not to be found Geo- 
metrically. 7 „„ 


230 find the Area of a m.. 
Since the Circle is equal to a Right-angled Tri- 


angle, whoſe Baſe is the Radius, and the Perpendi- 


cular a Line equal to the 
Circumference; half the 
Product of the Radius 


e eee 


ſay, either as 7: to 22 


Diviſion, ſay, as 1000 is to 3141 :: So is the Ra- 
dius of any Circle in Inches (ſuppoſe 9 Inches) to 
28 269, which therefore will be Semi- circumfe- 
rence: And this multiply'd by 9 Radius, gives 
254.421, for the Area require. 


For the Area of a Sector or Segment of any Circle. 


Since a Circle may be conceiv'd as an Aggregate : 


of an infinite Number of Iſoſceles Triangles, whoſe 
common Vertex is the Center; any Portion of the 


Peripkery, as b c, being conſidered as a ſtrait Line, 
W Re Tus PO Or nd. 


into the Periphery, will 
give the Area of the 


In Practice, therefore 
:: So isthe Diameter in 


VV ðͤ equal Fwms, I9c.-"Þ 
to the Circumference, or more nearly and without 
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and the Perpendicular 2 e let fall, the Area of the 
Sector muſt be half the Product of the Ark bc into 
the Radius 4 e; and if from the Sector you take the 
of Area of the Right-lined Triangle 4 bc, there will 
remain the Area of the Segment bec, 


5 | 32. If a Right Line could be diſpoſed into the Form 

ly bol the Circumference of a Circle, it would contain 

\> | more Space than any other Figure, or Regular Po- 

3 ö : Suppoſe the Circumference of 

the Circle, 46 4, to be diſpoſed into the Form of a 

| Square, or into any other Regular Polygon: So that 

all the Sides eg, g O, Hi, and ie to- 5 
oe may be equal to the Circum- 

. erence abe; I lay, the Circle is e 

1. greater than that Square. For the , 

1e Circle is equal to a Rectangled Tri- 

10 angle, one of whoſe Legs is the Ra- i 


| dius F a, and the other the Circum- 
11 | ference, And the Polygon is equal 
: alſo to ſuch a Triangle, one of whoſe Legs is the 


| ſameCircumferences þ c 4, or the Sum of the Sides 
ws | zei; and the other Leg is the Linef 0(4. 25.) But 
> as the Line Fo is leſs than the Radius / , fo the ſe- 


cond Triangle, which is equal to the Polygon, muſt 


A be leſs than the firſt, which is equal to the Circle 3 
ut and therefore the Square or Polygon mult be leſs 
. than the Circle, which was to be demonſtrated. 

55 And this is what we mean, when we uſually 
. | © ay, that of Iſperimetrical Figures (or which 

es | © have equal Perimeters or Circumferences) the 
a greateſt is the Circle, „„ Ne 

OR Before we go to Solids, I thought it proper to 
I give the Learner here, this moſt noble Theorem of 


"O28 Bp Pythagoras; becauſe, tho? it be indeed demonſtra- 
© | ted in the ſixth Book, yet nearly after Zuclid's 
| manner, it may alſo be done here: Thus, . 
- 5 % E 3 5 
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In every Right-angled Triangle as abc. The 
Square of the Hypothenuſe 4 c, is equal to the 
Sum of the Squares of the Legs 4% and & c; For, 


wh, bd 


ad 5 
OY 


I. The Square of 4 4, is equal to the two Rect- . 
angles 4 f and Fe. on OE po 


II. The Rectangle 4 is double of the Triangle 

a h d, being of the ſame Baſe and Altitude; and 
the Rectangle F e is, for the ſame Reaſon, double 
of the Triangle h e c. (by 3. 18.) 1 


III. But thoſe Triangles, being of the ſame Baſe 
and Altitude with, will be equal alſo to one half 

_ of the Squares Y and bk: Wherefore the Square 
of ac is equal to the Sum of the Squares of the Legs. 


e — — 2 
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I have here added alſo the Subſtance of the ſecond 


Book of Euclid, about the Power of Lines, £5c. 


And Iwould adviſe the young Geometrician, before 


he proceeds any farther, (and if not done already) 


do begin the Study of Algebra; a little of which 
will be of excellent Uſe to him in facilitating the 
Demonſtrations in Geometry, and in preparing the 


Mind, and enuring of it to Abſtraction, before he 


come to the Doctrine of Proportion. And the four 


firſt Rules of Aldition, Subſtraction, Multiplication 
and Diviſion in Integers and Fraftions, will be ſuf- 
ficient to enable him to underſtand the following 
Propoſitions: As alſo the moſt uſeful Ones, which 


he will find added (in this Edition) in all the fol- 


lowing Books of theſe Elements. 


I. If there be two Lines Z and X, one of which, 
2s æ, is divided into any Number of Parts, as into 
2 eri. The Rectangle under the two 
whole Lines 2x, is equal to the Sum of all the 
Rectangles made by x multiplied into the Parts of >, 


8 | 


— 


That is, ZX=XaXe+Xi+Xo. This is 
ſo plain, it needs no Proof. e VVV 


If a Right Line, as Z, be divided into two 
Parts, 4 - ; The ReQangles made by the whole 
Line, and both its Parts, are equal to the Square 
ß uni tet e, 


. 7 — Lt A wo SE EIN 2 — | 


56 re r 
That is, za 22 
For 24 aa „ 


Aud ＋＋— = 40 tee. 
'That is, 


2 4 armada + 20e e Q 
. 


III. Let the Line Z be cut into a +-e; then ſhall 
the Rectangle under the whole Line (Z) and the 
Part (a) be equal to the Square of that Part a, to- 
gether with the Rectangle made by the two Parts 
and e. 

That i is, Za ＋ 4 e. 


2 o,md 5 


For ne-, 
2 nie 4e. ,. 2 B. D. 


IV. The Square of any Line, as FA divided into 
any two Parts a and e, is equal to boch the Squares 
of thoſe Parts, together with two Rectangles made 55 

out of thoſe Parts. 


That is, 29 =40+200-þ06. 


2. | Oe iS ET ne 2 3 . BEES! . ar 
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Multiply 2+ e by itſelf, and the thing is plain. 1 5 


" *, a EC. . 8 7 F 
* 1 15 — F 
ml 5 
1 4e 
1 3 2 
„ ; F ' > 
"+ TH , o + 
+, : n 4 « 2 q * > 52 ? 
» 
* 
\ 


OA 


Book IV. of GEOMETRY. | 57 


ade 


ae 
aa ae 
Ea eee 
aa 2 ge ee 


COROLLARY. 


Hence 'tis plain that the Square of any Line is 
equal to four times the Square of its half. For ſup- 


poſe Z tobe biſſected, then cach parr will be a, and 
_ multiplying 4 + @ by itſelf, the thing will plainly _ 
appear. 3% 4 


„ 4 
ata 
: a -a 


_aaiaabaabtaa=44aa. 


V. If a Line be divided into two Parts equally, 
and in two other Parts unequally, the Rectangle 
under the unequal Parts, together with the Square 
of (the intermediate Part) the Difference between 


the equal and unequal Parts, isequalto the Square 
of half that Line, e 


Let 
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Let the whole Line be 2 2, then each Part will j Li 


be 4. Let the leſſer unequal Part be e, then thein- | 44 
termediate Part will be 4 — e, and the greater un- | Pr. 
equal Part will be 2 9 — e; which multiplied by | 
3 5 int 
; f 0 vs 1955 „ „„ „ „ „„ 0 4 > thi 
13 : : R 
„ a eee . 1 ö 1 
FCC 
JJ Wm fu 
0 „ 5 3 LS | | pl 
| 654. 8 V I it 
e, produces 2 4e—ee; To which adding the 


Square of the Difference, or intermediate part a- | 
which is 34 —2 4e ee, the Sum will be only ] th 


4a, the Square of half the Line. or 
Vl. If a Line be biſſected, and then another Right ot 
Line be added to it, the Rectangle or Product of 
the whole augmented Line, multiplied by the Part 
added, together with the Square of the half Line, 
is equal to the Square of the half Line and part 
added, confider'd as one Line. 
„„ Fi 2 
J 8 3 
22... fGd; 1 


Let the firſt Line be 2 4, and the Part added e, 
then the whole will be 242 +e; which multiplyd / * 
by e, produces 24 K 2, and the Square of half the | *l 


che former Sum of ag += 4 4e Tae. 


— — 
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Line 4 being added to it, it will be 2 4e Tee 
a a, which is equal to the Square of 4 e, by 
Prop. 4. . 7 


VII. If a Quantity or Line be divided any how 


into two Parts, the Square of the whole added to 


the Square of one of the Parts, ſhall be equal to two 
Rectangles contained under the whole Line, and 


| that Part added to the Square of the other Part, 


„ „ 


. 


BY Let 2 be one Part, and e the other. The Square 


of the whole and of the leſſer Part e, makes a a + 
24e+2 6%. Then if the whole a2 be multi- 
plied twice by e, it will produce 2 46 2e e; and 


jf to this be added the Square of the other Part a , 
the Sum will be „„ 5 


24 + 246 + 2ee, equal to the former. 


Prill. If. a Line be cut any hom into two Parte, 


eg W . Rectangle under the whole Line, and 
one of the Parts added to the Square of the other 


Part, is equal to the Square of the whole and the ; 


other Part added to it, as if it were but one Line. 


- a | : A EE 


Let the whole Line be 4+ e, then four times that 


multiply'd by e (or the Quadruple Rectangle under 
that and e) will 4 a e 4e ez; to which adding the 


Square of the other Part à 4, the Sum will be 


aA + 44e+4ee | 35 
And if you ſquare 4 + 2 e, which expreſſes the 
whole Line, with e added to it, the Product will be 


IX. If 


60 ELEMENTS 


IX. If a Line be biſſected, and alſo cut into two 
other unequal Parts, the Sum of the Squares of the 
unequal Parts will be double to the Sum of the 
Squares of the half Line, and of the Difference be- 
tween the two unequal Parts. 9 1 


2 
* 
. * 
6VUxA y ESR Cn BOY 
Cc Fn 2 
dT TO SY TLY Lbs 


Let the whole Line be 24; and the Difference | 


between the equal and unequal Parts þ; then the 


greater unequal Part will be 4 + , and the leſſer 
4 —þb: The Sum of the Squares of the unequal 
Parts will be2 48 + 2 66, which is double to the 
Square of half the Line added to the Square of the 


. Difference. 2 E. D. 5 


X. If a Line be biſſected, and then another Line 


added to it; the Square of the whole encreaſed 


Line, together with the Square of the Part added, 
is double the Sum of the Squares of the half Line, 


and of the half Line and Part added, taken as one 
Line. J rin yy To Ln 


VVV I 


Let the whole Line be 2 2, and the Part addede; 


then the wholeencreaſed Line will be 24+ e; and 
the half Line and Part added will be 2 e. The 


Sum of the Squares of 2 4+ e, and of e, is 4 4 4 


+ 44e+2ee; which is plainly double to a 2, 
and a4 + 2 4 ee, added together. Q. E D. 
e , Bo og 


S. . ' 


Bot 


e Se 


F inb; for the Line ec being biſſected in 


Book IV. MORIN 61 
This Problem is alſo of frequent Uſe. 


PROBLEM. 


T divide a Line ſo, as that the Rectangle 

Ander the whole Line a c, and one Seg- 
ment a b, ſhall be equal to the Square of 
the other bc. 6 = 
WEE 

c IO 


Wo 


7 


, producing & I to x; Then is 40 hy divided 
Part cg added to it, the (by Prop. 6. of the Power of 


Ties) Rect. kg + frq=fgq= faq=zacq+ 


F £4: Wherefore taking fc q from both, the Rect. 


g Sac 4, and taking the Re&. k c from both 


| the Rect. 4b = ; that is Rect. C4 * 


on ac make the 1c 4, whoſe Baſe ec biſſect in 
J, and draw af; make fg af, and compleat the 


and the 


N. B. : 


* 
A 
1 
14% 
\ 
T AY 
' 
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N. B. 7 his is called dividing a Line according to 


Extream aud Mean Proportion; 5 Which — | 
tion Canmit ve expreſs'd in Number Sc 


PRAOPLL 


In an Obtuſe-angled Triangle,” the Square 
of the Side fubtending the Obinſe Angle, 
exceeds the Sum of the Squares of the other 
two Sides by the double Rectangle, (2 b a) 
under the B. 1/e, and be part added to it. 


Let Fa the Perpendicular 5. and produce b, til 
it meet with it. 


DEMONSTRATION. 

. 2 24 44 +. 
2. And oo r 4a. 1 * 
15 But Y οꝰ == EAA ＋ p. 15 


Wherefore 5 5 exceeds the laſt Step by 2 ba. 
. E. D. 
P ROP. 


Book IV. of GEOMETRY. 63 


'0 


- | PROP. I. 


11 an Acute- angled Triangle, the Square of 
the Side (h) ſubtending an Acute Angle, 
es leſs than the Sum of the Squares of the 

other two Sides, by double the Rectangle 

* | wnder the whole Baſe, (b +a) and the Seg- 

| ment of the Baſe (a) WHICH is next 10 be 
Acute Angle. 


1 | 5 Let fall the perpendicular V. 


DEMONSTRATION. 
00 = bb + . i 
o=pppes , ö 


.Q3+a=bb+abahas = 
- 4. 6 U | | 


jar 


t 


42 


64 EE NIS 
4. bb Pf 42aa+24b, is the Sum of 

the Squares of the Legs. 1 1 19 855 
Wherefore Y h is leſs than that by 2 42 a+ 2 45, 


which is plainly equal to the double Rectangle un- 
der the whole Baſe, and the Part a. 


E L E- 


DOG 


Yor 


Y 


HT 


— — g Ta 
Z. \\ — 120 
Y — A 


0% Solids. 


Right Line is ſai d to be Right up- 
Aon a Plane, when it ſtands on it 
at Right Angles, juſt like a Pillar 
on the Ground, and is inclined 
no more to any one fide of the 


| Plane, than to the other. 
= 2. Two Planes are parallel to each other, when 
all the Perpendiculars that can be drawn between 


them, are equal. (That is, en they every where 

Oe equally diſtant.) 5 5 
3. One Plane is right or perpendicular to another 
Plain, when, like a well- made Wall, it inclines and 
leans on one ſide no more than it does on the OG | 
os F | | & 4 


— — ——— — — — = 
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4. A folid Angle is made by the meeting of three 
or more Planes, and thoſe join- 

ing in a Point ; like the Point 

of a Diamond well cut. 

F. If we imagine a Line, as 

a b, fixt above in the Point a, 

to be moved along the Sides 

of any Polygon 4bc; that 

4 Line by its Motion ſhall de- 
ſcribe a Figure that is call'd a 
- Pyrans.-:: ES 
Ve >b s The Polygon is call'd the 

: © __ Baſeof the Pyramid. 
J. If a Line faſtened, as before, move round a 

. Circle, as 4 h c, it will deſcribe a Cone; and the 
Circle is its Baſe. And a Line drawn from the 


yuh, — 


band 0 „ 


Center e to 4, 1s call'd its F. | | ns | e 
. 8. It a Line 4 & move uni- 
? formly about two Polygons 
LOA: ga and 4c b, which are every 
way equal, having their Sides 
5 and Angles mutually parallel 
„and correſponding exactly to 
one another, as 4 to h c, g 
to 4c, Oc. then that Line ſnall 
by its Motion deſcribe a Figure 
which is call'd a Priſm, and | 
the Polygon is its Baſe, 3 


W W •ũã a . OR 


8 
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2 9. If all the Sides of a Priſm be a Parallelogram, 
15 then that Priſm is call'd a Paralle- 
t | lopiped. 


| F 
10. If a Line 420 move uni- #f&& | 
s | formly round two equal and pa- fx 
„ rallel Circles, it ſhall deſcribe or 4 | 
s | generate a linder. 3 : [ 
t q 11, The Line joining the Centers ee, in the two | 
- © Baſes, is call'd the Axis. C14 . | 
a * There is no need of conceiving two Baſes, e- 
qual, parallel and oppoſite, for the Geneſis of 
e © Priſms and Cylinders, For they will be deſcrib'd 
* aswell by imagining a Line moving round the Cir- 
2 © cumference of any Plone Figure with a Motion 
e | * always parallel to itſelf in its firſt Poſition. As 
e | * if 2 be ſuppoſed to be carried round any of the | 
_Þ * Baſes 4c, keeping always the fame Angle with 
* * the Plane which it firſt had, it will deſcribe a Tri- 1 
18 * angular, Quiugquangular, or Circular Priſin, a. 
1 © cording to the Figure of the Baſe. And the upper 4 
es end of the Line will deſcribe a Baſeſas you may call | 
6 


70; it) at the Top, equal and parallel to that below. 


I CORALLAKY. 
re | = . „„ e 
d- :Þ The Solid Content of all Iſoſceles Priſms and Cylin- 


ders (as alſo of all Parallelcpipeds) is had by mul- 
tiplying their Height into the Area of their Baſe, 
And if they are ſcalenous Priſms or Cylinders, by 
multiplying the Baſe by the perpendicular Altitude. 
But after all, this Geneſis of Priſms and Pyramids 
of Mr. Pardie, reſpects only their Surfaces. And 
 þ therefore, the moſt proper way to conceive the Ge- 
It neſis of all kinds of Priſms, is to imagine a Trian- 
: _ gle, Quadrilateral Figure, or Polygon, or the Plane 
of a Circle to be moved in a Poſition always pew 
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le] to itſelf; as ſuppoſe from h to e, or from g to 4 
(in the preceding Figures) according to the Directi- 
on of the Line Ye org 4. Or according to Euclia, 
a Cylinder will bs generated by the Revolution of 
the Parallelogram g e Ae (See Fig. in Art 8.) round 
about the Axis 4 e. „ 


COROLLARY: 


And from hence (as was obſerved before of Lines) 
*tis plain that equal Surfaces moved uniformly over 
equal Places or Intervals, will deſcribe or generate 
equal Solids, 3 
And as for the Geneſis of Pyramids, ſuppoſe the 
Triangle a & c, to move downwards from the Top of 

Tr 2 Plane Angle, determined 


a A C: Let this Motion be 
always parallel to itſelf, 


of the moving Triangle a, 


in the Linea A. 


wards, it will ſtill get more 
and more within the Solid 
Angle, and at laſt will come 
ee to be all of it within it, and 
to lie in the Poſition A BC, which will be the Baſe 
of a Triangular Pyramid, whoſe Vertex is at 4. 


The ſame Triangle a bc, will alſo, by its Mo- 
tion, deſcribe another Pyramid, whoſe Baſe ſhall | 
be the Parallelogram&c BC, and its Vertex 2, 


as before. 


13. 


0 by the two Planes a A B, 


—7 and let the Angular Point 
be ſuppoſed always to keep 


N Tis plain, as this Tri- 
„c angle moves farther down- 


of 
ra 
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13. If a Semi- circle a 4 b be turned quite round 
on its Diameter a b, it will deſcribe a 0 
Sphere or Globe, whoſe Axis will be 4 Þ 
and its Centerc, the ſame with the Semi- 
circle. Every Line paſling through the 
Center c, and terminated at each end by 
the Surface of the Sphere, is called a Di- 
ameter, and may be called an Axis. 

14. All Lines drawn from the Center c to the 


| Surface, are call'd Radii, and are all equal to one 


another, 
20 find the Surfaces of Solids. 
I. For all Priſms, Parallelopipeds and Cylinders. 


Find thePerimeter of the Baſe (which in Practice 
is done by girting it with a String) and multiply that 


by rhe perpendicular Height, the Product is the Sur- 


face without the Baſe, (i. e. without the top and bot- 


tom Planes) and the Baſes may be found by the 


Rules given in Plain Menſuration : The Realton ot 


| which is, becauſe a Rectangle of that Form and Di- 
menſions will juſt cover the outſide of the Body. 


II. Fur Pyramids aud Cones. 


The Surface of a Pyramid, is only an Aggregate ; 


of Triangles, which therefore muſt be found ſeve- 
rally, and then added up into one Sum. 


I he Surface of ſcalenous Cones cannot be found 
exactly; but for Right Ones multiply the Circum- 


ference of the Baſe by half of the Side of the Cone, 


the Product is the Area of the Convex Surface. Be- 


cauſe the Curve Surface of a Cone is equal to a Tri- 
55 ä angle 


| 
$ 
] 
| 
| 
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angle, whoſe Baſe is the Periphery of the Baſe, 


and its Height the Side of the Cone; ſuch a Fi- 
gure being capable of exaQly covering it. 


III. For the Surface of the Sphere. 
Multiply the Diameter by the Periphery of any 


great Circle, or by ſuch a Circle as hath the Diame- 
ter of the Sphere for its Diameter, the Product is 
the Surface. As appears from what will be prov'd. 
below, after . 34. 


; Iv. The Surface of the five Regular Podies, is eaſily 


ad, 2 the Principles of Plain 1; enſuration.. 


15. Two Right Lines if they meet ſo as to cut 
or croſs zach other, are in the ſame Plane: Where 
fore all the Angles and Sides of ener Triangle are 
in the ſame Plane. 

16. If two Planes e A and ag cut or interſect 
one another, they ſhall do ſo in a 
Right Line, as A; which is call'd 

their common Section. 

17. If a Right Line 44e be perpen- 
dieular to two Lines and 2g, which 
are in the ſame Plane, that Line is al- 
ſo perpendicular to that Plane. 
18. If a Right Line 40 be perpendicular to three 

Right Lines 4, 42 and 47, they are all three in 

the ſame Plane. 


19. It two Lines ac, i are perpendicular to the 


ſame Plane / g 4, they will be parallel to one another. 
200. If two Lines 4c, C i are parallel, and you draw 

another Line, from any Point in one to the other, 

as & 4, thoſe three will be all in the ſame . 


21. If 


4 
4 
"I 
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two Planes fe and c4, thoſe Planes 


_ andafe, are cut by a third 7 i 7, 
are parallel. 


by three Plane Angles, any two of 


Feſt 100ne that will but conſider them 


needleſs to ſtay to demonſirate them |, 
(And indeed the Solemu and Regular 


of GEOMETRY. 71 


21. If two Lines 4 c, Þ i are parallel to a third 
a k, though that third Line be not in the ſame Plane 
with them, yet they ſhall be parallel to each other. 

22. If a right Line 4 0 be perpendicular to (or 
make any other equal Angles with) e 


are parallel. | 
25. If two parallel Planes, 4 


the common Sections fo and g 
24. If a Solid Angle be made 


thoſe are always greater than the 
third. E 8 
All theſe Propoſitions are ſo mani- 


ith a little Attention, that *tis 


Demonſtration of a thing plain in 
itſelf, always makes it more obſcure. 1 
25. The Plain Angles, concurring to make a So- 


lid one, taken all together, are always leſs than 
four Right ones. 


For if they ſhould make four 
Right Angles, they would form a Plane and not 
an Angle. Wherefore, that they may make a Solid 
Angle, they mult be leſs than four Right ones. 

Tis a very good way in order to gain a clear Nea of 


Solids and their Angles, to make the Regular Bodies 


ont of thick Paper or Paſte-boara, and after the De- 


ſcription ef every Body, you will ſee the Figure, which 
being folded up together, will expreſs the Solid. 


26, In all Parallelopipeds, the oppoſite Planes 


are equal; as is eaſy to conceive (from 5.9.) 


; 4 
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27. All Parallelopipeds having equal Baſes (and 


Heights) or being between the ſame Parallels, are 
equal, for they are equal Aggregates of equal Pa- 
rallelograms. (3. 14.) | Tk 5 5 
28. Every Parallelopiped is divided into two 
equal Triangular Priſms, by a Diagonal Plane, 
which is perpendicular to its Baſe : For every Pa- 


rallelogram of which the Figure is compoſed, is 


_ equally biſſected. 


29. Triangular Priſms, having equal Baſes (and 


Heights) or being between the ſame Parallels, are 


equal, for they are equal Aggregates of equal Tri- 
angles. Oe le | 


30. Pyramids having equal Baſes and Heights, 


are alſo equal: For they are all ſuppoſed to grow 
EO ow | 
31. All Priſms in general, all Cylinders and 


| Cones, with equal Baſes and Heights, are equal. 


32, Pyramids and Cones on equal Baſes, and of 


equal Heights with Priſms and Cylinders, are one 
third of ſuch Priſms and Cylinders. 8 


Baſe and Altitude, it is thus prov'd. 


5 The Quadrangular 
Fg | p 5 di- 
vided into two equal 
Triangular Ones, by 
the Triangular Plane 
F bc, and the Pyramid 


fc ab, is the very 
ſame with Vac; and 
this is equal to the 


having an equal Baſe 
We andthe ſame Altitude 


In a Triangular Priſm and Pyramid of the ſame 


Pyramid fe a: As 


3 5 = es ay with it, and therefore 
the wholePriſm is divided into three equalPyramids. 


E. 
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And ſince all MultangularPriſms can be divided in- 
to Triangular ones, and that Cylinder is only a 
Multangular Priſm of infinite Sides, the Propoſition 
is univerſally true; That Pyramids and Cones, &c. 


N. P. A Piece of Cork or Wood, in the Form ok 


a Triangular Priſm, may be cut into three 
equal Pyramids. | 


COROLLARY I 


| Hence the way of finding the Solidity. of @ 


Pyramid or Cone is diſcover'd, viz. To mul- 
 tiply the Baſe by 5 of the Perpendicular 


| Altitude. 


F 
py iron Axis is the Radius of the Sphere, and its 


aſe a Plane, equal to all the Convex Surface of it. 


For you may conceive the Sphere to conſiſt of an 
infinite Number of Cones, whoſe Baſes taken all 

together compoſe the Surface, and whoſe Vertexes 
meet all together in the Center of the Sphere: Juſt 
as a Circle may be imagined to be compoſed of an 
infinite Number of Iſoſceles Triangles, the Aggre- 
gate of whoſe Baſes makes the Circumference, and 
their common Vertex is at the Center. h 


co. 


— 
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6 Ok OLI: 


Hence the Solidity of the Sphere will be gain'd 
by multiplying its Surface by 5 of its Ra- 
us. 1 


Let the Square 4 4, the Quadrant c 24, and the 
| Right-angled Triangle a Y A, be ſuppoſed all three to 
1 revolve round the Line 
0 b das an Axis: Then 
will the Square gene- 
rate a Cylinder, the 
Quadrant an Hemi— 
ſphere, and the Triangle 
2 Cone, all of the ſame 
Baſe and Altitude. 


I. Then the Square 
of e (which is equal to 
the Square of f A, which 
is equal to the Square 


of f , together with that of / 7 (or its equal g Y) 


will be equal to the Square of g (ha) together 


with the Squares of f h. And ſince Circles are as 
the Squares of their Diameters (which muſt be now 


taken for granted, but will be proved in the ſixth 


<3 


Book) the Circle made by the Revolution of eh, 
muſt be equal to the two Circles made by the Mo- 
tion of f % and hg. Wherefor, 


II. If you take the Circle made by the Revolution 


of f þ from both, there will remain the Circle made 
by the Motion of g h equal to the Ring deſcrib'd by 


the Motion of ef : And thus it muſt always be, | 


wherever you draw the Line e V, or i m, &c. 


III. There- 


—— nr EI ene nn nn 
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III. Therefore the Aggregate of all the Rings 


made by the Revolution of the es, muſt be equal 
to that of all the Circles made by the Motion of the 
 g#'s:(1e.)the Diſh-like Solid, formed by the Revol- 
ving Rings, will be equal to the Cone formed by the 
Revolution of the gs, which are the Elements of 
the Triangle 494. That is, the Diſh-like Solid will 
| beasthe Coneis2 of the circumſcribing Cylinder, and 


conſequently the Hemiſphere muſt be F of it: Where- 


fore the Sphere is 5 of rhe circumſcribing Cylinder, 


IV. Let then the Radius of the Sphere be 7 — 


c= b d, then the Diameter will be 2 7; let the Sur- 


face of the Sphere generated by the revolving Semi- 


circle be called S; and that of the Cylinder, formed 


by the Revolution of 2 4c= 27 = Diameter, be 


$ called ſ. Wherefore in what was juſt now roved 


(by Art. 33. of this Book) the Expreſſion for the 


Solidity of the Sphere in this Notation will be 


and putting c equal to the Circumference of the 


Baſe, or for the Periphery of a great Circle of he 
Sphere, the Curve Surface of the Cylinder ( by mul 
tiplying the Altitude into the Periphery of the Baſe) 


will be z 7c; alſo will be the Area of a great | 


Circle (by Prop. 26 of Book 4.) and this multi- 


„ 
plied by zr, makes — - 


—, which is the Solidity | 


of the Cylinder (by Cor. Art. 11.) Now fince 
F was put equal to 2 7c = to the Curve Surface 


of hs Cylinder{ (by ſubllituting J for 2 rc) 
will be alſo = to the Solidity of the Cylinder. 
No fince the Sphere is = 3 of the Cylinder, a 


+ 
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| 7 3 7 — 7 : 
bat = = = Wherefore 7 8 pr 


3 
r.; that is, dividing by r, 8 = , or the Sur- eq 
face of the Sphere, is equal to the Curve Surface | its 

of the Cylinder: But the Curve Surface of the Cy- 
linder was 2 1c. „„ hs 

Wherefore tofind the Area of the Surface of either 4 
Sphere or Cylinder, you muſt multiply the Diameter Le; 
(= 27) by the Circumference of a great Circle of 
the Sphere, or by the Periphery of the Baſe. From | C 


this Notation alſo tec the Area of a great Circle of Sq 
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the Sphere, is plainly + of 2 7c the Surface of the | *** 
Sphere. That is, the Surface of the Sphere is Qua- ; 
druple of the Area of a great Circle of it. ®% 
V. Wherefore, to 27, the Convex Surface of the ; 
Cylinder, add 7 c equal to the Area of both its Baſes | ©1 


f l 1 

1 

14 

f we : 
„ , 
o U * 


"<2 
== 


(ach of ubich ia 2) you will bare; e which 


4 Mews you that the Surface of the Cylinder (inclu- |} 5. 
1 ding its Baſes) being 37 c, is to the Surface of the J 
| Sphere, which is, 2 7c, as three is to two: Orthat % 

the Sphere is 3 of the circumſcribing Cylinder, in e- 

Area, as well as Solidity . J 55 

334. Of all Solid Figures that can be encompaſs'd | of 

or determinated by the fame Surface, the greateſt 1 


is a Spherical One, by Art. 13. of this Book, and | 57 
Ari. the laſt of Book the 4th. 1 | Ne | 
35. That is call'd a Regular Body,whoſe Surface | q« 
is compoſed of Regular and Equal Figures. And | 
whoſe Solid Angles are all equal, as are _ 


compos'd of fix - & 2 


by Cor. of Art. 12. 


| wias put together at their FX 
Baſes: IV herefore its Soli. \. 


— —— - — 
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36. The Tetrahedron, which is a Pyramid, com- 


prehended under four equal and 
equilateral Triangles; fo that 

its Baſe is equalto each Side. 
IWherefore its Sclidity will be 
for 1 by multiplying the Baſe by 
+ of the Altitude; which is the 


general way for all Pyramias, 
37. The Hexahearon or 
Cube, whoſe Surface is 


Squares, like Dice which 
are us'd in play. 


Its Solidity will be 1 


38. The Oftahedron, which! is bounded thy cght 


| equal andequilatersl Tri- 


angles. | | 
This Figurei is tr Pyra- 


dity is had by multiplying © 
#he Quadrangular Baſe of 
either (here they are both 
101774 together in the middle 


| of rhe Figure) by one third of the PRC WI TO 2 
titude of one of the joined Pyramids, and then dou- 


bling the Product. 


39. The Doaccahearon, which is ie un- 


der twelve equal and equilateral Pentagons. | 


— — — — ——ͤͤ ͤ ͤ äff — - 
— — —— ͤ— — — —— — ———————— 
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This Figure conſiſts of twelve Pyramids, with Pen- 


tagonal Baſes, whoſe commen Vertex is the Center of 


a cu cumſcribing Sphere : Wherefore any one of theſe 
reel ve Pentagonal Baſes nultifly'd by * of the Di- 
ſtauc e between the Center of that Baſe, and the Center 
of the Sphere; and then that Product multiflied ly 
rerel ve, gives the Solid Content of this Regular Body. 
4c). The ſcoſibearon, conſiſting of twenty equal and 

= 8 equilateral Triangles. 
227i Figure is compo- 
NA {ſed of 20 Triangular 
Pyramids, all equal 

{ y to one another, and 
P os V erboſe Vertex is the 
nap ni een 
bing Sphere : Wherefore any one of the 20 Triangular 


Face s, multiplied by + of rhe Diſtance berween the Cen- 


zerof the Face an1the Center of the Sphere, aud that 


Prog ut multiflied again byz2, givesits SoltiContent. 


41. Befides theſe five Regular Bodies, 'tis not 
poſſib le to find any others that ſhall correſpond to 
the Definition ; which is thus demonſtratec. 
Ter begin with equilateral 'Triangles, which are 
the v 10ſt ſimple of all Rectilineal Figures. Of theſe 


there muſt be three at the leaſt to make a Solid Angle, 


and t hree of them join'd together will juit make the 
Tetr abearon. For thoſe three Triangles meeting in 


à Po int do form a Triangular Ra ſe ſimilar and equal 


to tt le Sides; as appears by the bare Compoſition 


of tl ie Figure. Four Triangles join'd together in a 


Poir it make the Angle of the Octahedron. 


B y joining five ſuch Triangles together, the An- | 


gle c f the Tcoſibedron is form'd. 5 
Bi it ſix ſuch Triangles join'd in a Point can't make 
a Sol id Angle: Becauſe they make four Right Ones 


ere very Angle of an equilateral Triangle iss Ata 


in a 
An- 


Ines 


tuo 
of - 
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or 2 of one Right Angle, either of which Fraftions 
multiplied by ſix, gives four right Angles. ) Whereas 
every Solid Angle is made up of ſuch plane Angles 


as all together muſt be leſs than four Right ones 


(5. 25.) So that with Triangles tis impoſſible to 
form any more Regular Bodies than theſe three. 
Next, if you take Squares and join three of them 


together, they will make the Angle of the Cube: 


And there can no other Regular Body but a Cube 


be made with Squares, for four Squares join'd to- 
| gether, will not make a Solid Angle, but a Plane. 
(5. 25. 5 | Ine ED 


If you join the Angles of three Pentagons toge- = 


ther, you will conſtitute the Angle of the Dodeca- 
| hedron : But four ſuch Angles cannot make a So- 
| hd On-. | 1 | 


And laſtly, Three Hexagons joined together do 


make juſt four Right Angles, and therefore they 
cannot make a Solid Angle: And as for three Hep- 


zagons, or other Figures of yet more Sides, they 
can much leſs do it; (becauſe their Angles being 
very Obruſe, three of them will exceed four Right 
Ones.) So that upon the whole 'tis plain, that of 
theſe five Regular Bodies, three are made of Tri- 
angles, one of Squares, and one of Pentagons, and 
there can be no other. „„ 
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_BOOK VI. 


ſay, that any Quantity is great, 
we always make a Compariſon 
between that Quantity and ſome 
RA N Al 7 other of the {ame Nature, in re- 
—_— ſpectro which we ſay that it is 
JJ os 
Thus we ſay of an 77, that 'tis Little; or of a 
Diamond, that *tis Large; becauſe we compare 
that Hill with others that are Higher, and in reſpect 
of them 'tis Little; and we compare that Diamond 
with others that are Little, and in reſpect of them, 
we ſay tis a Large one. ins 


2. When we conſider one Quantity in reſpect of | 


another, to ſee what Magnitude it hath in compari- 
JJ To i | 


T. HEN we ſpeak of Magnitude, ind 


compariſon of , as c hath in compa- _ 
ri ſon of 4; (i. e. When ace find that a 1 
ig contained in, or doth contain b:: as 1 j 
ten ase is contained in, or doth con- 0 


bigasb; ſo cis twice as big as 4. 
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ſon of that other: The Magnitude ſo found, is call'd 
its Ratio or Reabn; tho' it would be more intelli- 
gible if it were call'd Compariſon, | ; 
3. That Quantity which is compar'd with ano- 
ther is call'd the Antecedent; and that other with 
which it iscompar'd, is call'd the Conſequent. 
4. When we conſider four Quantities, and com- 


pare them (by Pairs) two with two; as a4 with 
5 2, andc6 with 4 3. If we find that à hath as 


much Magnitude (or is as big) in 
4 
3 


1 
tain d): Then we ſay, that their Ra- 4 (de = 


tio's are equal; that is, the Ratio that à hath to b, 


is equal to the Ratio of c to 4: For as 4 is twice as 


F. But if 4 4 hath more Magnitude in reſpect of 
, than c 6 hath in reſpect of e5, That is, if as a 4 


is twice as big as h 2, 6 be found not to be twice as 


big ase5 : Then the Ratio's are unequal : And we 
| fay, 4 hath a greater Ratio to &, than c hath to e. 
So that to have a greater Ratio, is nothing but to 
have more Magnitude, or to be bigger, in reſpect of 
a ſecond Term, than a th ird is in reſpect of a fourth. 
6. The Equality of Ratio's is called Proportion; 


and when we find that of four Quantities or Num- 


bers, the firſt hath as much Magnitude (or is as big) 
in reſpect of the ſecond ; as the third is in reſpect 


of the fourth ; then we ſay, that thoſe four Quan- 
tities are Proportionals. „C 


The better to make the Myſteries of Proportion 


' comprebended, which paſs for the moſt difficult things 
in Geometry, as 1queſtionably they are moſt impor- 
tant, I vill explain them 8 an Example ; which 


tft 4 © 
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(in my Opinion) ill render all thoſe things very 
ꝛntelligible, hich otherwiſe appear very perplex'd, 
J. Let us imagine the Circle} A 4 tobe deſcrib'd 


by the Motion of the Line o b, round the Center o: 


And at the ſame time, let the Cir- 
4 Cclecae be deſcribed by the Moti- 
| IB onofa Point c, in the Line . 
JD o b be moved once round again, and 


Let the Ark 4 B b be called B, and 


e the Arke De, be called D. Let A 
be put for the whole outer Circle, and à for the 


whole inner one. oy 


Now if we compare the whole Circle A with its 
Ark B, and the whole other Circle 4 with its Ark 


D, we ſhall find plainly, that the Circle A is juſt 
as big in reſpect of the Ark B, as the inner one à is 


in reſpe& of the Ark D; and therefore if B be a 
fourth, or any other Part of the Circle A, D alſo 
will be a fourth, or the ſame proportional Part 
of its Circle 4. Which we uſually expreſs by ſaying, 
as A is to B, ſo is 4 to D. And write it thus, A: B 


3 D, r 24G „8 


8. If you ſhould change the Order of the Terms, 


and compare B with A, and D with 4; you will 


find plainly that B: A:: D: 4. So that ſuppo- 
ſing A: B:: 4: D, we cannot but preſently hag 40 5 


by inverſe Proportion, that B: A:: D: 42. 
9. If you change them ſo as to compare Antece- 


dent with Antecedent, and Conſequent with Con- 


ſequent, you will find Alternately, that A: 4:: B: 
D. And this is very plain; for if the whole Circle 

A be double, triple of, or in any other Proportion, 
to the Circle 4, the Ark B muſt be alſo double, tri- 


ple of, or in the ſame Trop ion to the No D 8 for 
eir Wholes, This I ſay is 
2 a = 


Aliquot Parts will be as t 


Let us ſuppoſe alſo that the Line 


at laſt to ſtand in the Poſition o 4. 


bs 4 
{cribe 
cular 
than 

ropo 
1 
the P 
Ark J 
portic 
10 8 

10. 
Antec 


their 


A leſs 
D, we 
portio 


| leſs 


For 
WAA 
as the 
this is 
11. 
togeth 
as 4 m 
In Nu 
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oy 


plain, becauſe the two Circles Aand a are deſcrib'd 
by the Motion of the Line 0; fo that while 6 


3 


deſcribes the Circle A, c deſcribes the inner Circle 


a; and while Y deſctibes the Ark B; c alſo de- 


ſcribes the Ark D. And this by one common cir- 
cular Motion; only the Pointe moving much ſlower 


than the Point h, deſcribes a Circle much leſs, in 


proportion to the ſlowneſs of its Motion: Thus alſo 
when the Point þ ſhall have deſcribed the Ark B, 


the Point c in like manner will have deſcrib'd the 


Ark D, which will be much leſs than B; in Pro- 


portion to the ſlowneſs of its Motion; in Numbers 


24 822 62. 3 is 
10. It we compare the Differences between the 
Antecedents and Conſequents with _ 
their 3 as for Inſtance, _ 
A leſs Bwith B, and a leſs D with ʒ- 
D, we ſhall find they alſo are pro- / 
portional: And that A leſs B: B:: 7 
-Sles DD ee 8 
For 'tis manifeſt that the Ark 
AA (which is A leſs B) is to CT _ 
as the Ark c ae (which is a leſs D) is to D. And 
this is caIV'd Proportion by Diviſſun. 


11. If we add the Antecedents and Conſequents 


together; we ſhall find that A more B, is to B:: 


as 4 more D is to D. Which is call'd Compoſition. 


In Numbers 30: C6: 102 . | 
12. And if we would ſay, that A A leſs B::4a:a: 


leſs D. This kind of Proportion's call'd Converſion. 
You may alſo infer by way of uiving the Terms, as 


ſome call it, That A+B:A—B::a+D:a—D, 


or that A {- Ba+-D «A: 24 — D, ec. That 


is 30: 18: : 10: 6 and 30: 10:: 18: 6, c. 
And it will be very convenient for the Learner to 

enure himſelf to all the Changes and Varieties of 

Proportion, and to have them ready in his Mind 


Becauſe a great many Propoſitions in Geometry, a. 


11 they, 
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they have been delivered by the Ancients, and pur- 
' ſued by the Moderns that have trod in their Steps, 
are demonſtrated by Compoſition, Diviſion, Alter- 
nation, and intermixing of Proportion. 

15. If never ſo many Quantities are thus propor- 
tional : It will be as any one Antecedent to its Con- 


ſequent: : So is the Sum of all the Antecedents to 


the Sum of all the Conſequents. v. gr. 


If 4: tz :: 21: 6, ::3:9::5:15: then ſhall 
14: 42:4 12. 8 

— 14. 18 S, 

412 :: 3:9, and alſo, 


5 7 : 1 : g. 
12:36 9127. 


Then it will be by Proportion of Equality. 


| a:f To. C . 
. 


The Reaſon of which is plain, if you conſider, 


That ſince: F:: 4:g : and g mult needs be either 


ſimilar aliquot Parts, or Equimultiples of b and d. 


And therefore ſince a and c are to Þ and 4, in the 


ſame Ratio as Þ and 4 are to f and g, à mult alſo be 


in the ſame Ratio to , the Part or Multiple of b :: 
as cis to g, the Part or Multiple of d. 


C 
24:4: : 9: 3, and then, 


5 F:: h e. 
4: 2::18: 9. 


Then 


contiguous Sides ſhall be the two 


the Line A by B, tis the ſame thing A 
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Then willa:Ff :: Ha. 
ta 1 183. 
Which is called Proportio ex £910 perturbata; 


and this muſt be true: Becauſe 12 containing 4 as 
oft as 9 contains 3, and 4 containing 2, as oft as 18 


contains 9; 12 muſt contain 2 as often as 18 con- 


tains 3. Wherefore this is only the orderly Propor- 


tion of Equality diſturbed, and theretore is by ſome 
called Inordinate Proportion. * 

15. If B be taken as often as D, ex. gr. 3 B and 

3 D, we may conclude that B: D:: 3 B: 3 D, or as 

10 Bto 10 D, alſo 12 B, to 121 D. And ſoon 

in whatever Proportion the two Magnitudes B and 


D are multiplied, fo they are multiplied equally, oi 
that you take one as often as you take the other. For 
then there will be the ſame Proportion between the 


5 Magnitudes thus equally multiplied, as there was 


between the ſimple Magnitudes, before ſuch Multi- 
plication. And theſe Magnitudes, thus equally 


multiplied, are call'd Equimuitifles of the {imple 
 Magnitudes Band D; and we ſay that Zqrnimui- 
tiples are in the ſame Proportion as ſuch fimple 


Magnitudes, ot of which they are compounded. = 
16. If Bbe divided in the ſame Manner as D is ; 


and ex. gr. you take a fourth Part of B, and the like 
of D, or the tenth, or any other Part of B, and the 
ſame of D. Then will theſe Parts be proportional to 
their Wholes, B: D:: 4 B (or e B) is tos, or 26 D. 


All which is ſelf evident. „ 
1). To multiply one Line by another is to make a 
Rectangled Parallelogram, whoſetwo . _ F 


Lines given. Thus, if you multiply am 
as to make the Rectangle aÞc1 ; * 


whoſe Side a HU is equal to A, andacto} 
„ ; G 3 25 18. Te 
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18, To multiply a Rectangle, or any other Sur- 

; face bya © Line, is to make a 

„ Rectangled Parallelopiped (or 

2 | Prifin) (5. 9.) whoſe Baie ſhall be 

he the Surface given, and its perpen- 
5. — 4 dicular Height the Line given. 

a Thus to multiply the Surface 4 

/ by the Line E, is the ſame thing 

as to make a Solid 4 5g , e, whoſe Baſe is the 

Es Piven 42 7, and its Height à e or bf, equal 

to E, the Line given. 


19. All Magnitudes may be expreſs'd by Lines: 


As if one Magnitude be double or triple of another; 
or in any other Ratio, two Linesmay eaſily be taken, 


of which one ſhall be double or triple of the other, 


or in any other like Proportion with thoſe Magni- 
tudes: So for Inſtance, to expreſs two times, as one 
Hour and two Hours; or two Velocities, of which 
one ſhall be double tothe other; you need only take 
two Lines, as 4 double of Y; and then you may ſay 
that arepreſents two Hours or Velocities, and þ an- 


ſwers to one of each; and then you may proceed to 


compute with thoſe two Lines, as with the Hours 
and Velocities themſelves, Sc. BY 
20. To know the Proportion of ReCtangles, the 
Ratio of the Length of one, to the Length of the 
other, and moreover, the Ratio of the Breadth of 
one, to the Breadth of the other muſt be known. 
For Example ; To know what Proportion the 


Rectangle ac hath to eg: Tis not 


« 5 enough only to know that the Length 
1 e 4% is triple of e; but it muſt be 
y known alſo, that a 4 is double of ef. 


„ For if a i be taken equal to e f, the 


Rectangle 5; will be triple of eg, be- 
cauſe a b is triple of , and a7 equal to e. And 
moreover, becauſe 7 4 is alſo equal to a7, oref (oe 


a 


triple of 4 c. But then when we 4 
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ad is ſuppoſed to be double of a 7, and of ef) the 
Rectangle ic ſhall alſo be triple of eg; ſo that the 
whole Rectangle ac is twice triple of the Rectangle 
eg; that is, ſextuple of it, or containing it ſix times. 
And what we ſay now only of the double or triple 
Ratio of their Breadths and Lengths, is al ſo to be 
underſtood of any other Ratio, be it what it will: 
For if 2 & be quadruple of eh, and ad triple of e, 
the Rectangle ac, will be three times quadruple of 
the Rectangle eg; that is d uodecuple of it, or doth 
contain it twelve times. „ ny 
But if % be duodecuple of eh, and at the ſame 
time ef be tripple of 4 4, then there is a certain Com- 

_ penſation made: For if Reſpect were had to their 
Breadths 26 and e H only, the Rectangle ac would 
exceed the other, nay indeed con- 
tain it 12 times: Nevertheleſs this 4 12 . 
Exceſs is loſt (772 ſome Meaſure) in n 
b er RUNAns or Heights 4 cb © 
a d and ef, which if only conſi- 2 
der'd, the Rectangle eg would be 6 9 


come to compare theſe ſeveral Ex- 15 1 
ceſſes and Deficiencies together; we ſhall find that 
the Rectangle 2c being one way 12 times greater, 
and the other way three times leſs than g, will be 
at laſt but only four times as great © 
21. And this is what we mean, when we ſay, that 
all Rectangles are to each other ina Ratio comporndes 
of that of their Sides; for if 4 0 be 
triple of e h, and a4 double of ef, a = 
the Rectangle à c, ſhall be to the i 2 
Rectangle eg in a Ratio compoun- « . 
ded of the triple and the double, pens 


that is, it ſhall be twice double, or EDS. 
twice triple, or in one Word, ſex- 5 
quadruple of e b, anda 4 


tuple. So alſo if @ þ were 


G4 _ triple 
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triple of ef ; the Rectangle a c would then be toeg 
in a Ratio compounded of the quadruple and the 
triple; ſo that it would have been three times qua- 
druple, or four times triple, or in one Word, duo— 
decuple of eg. 


Moreover, it 45 were duodecuple of %, and 


4 ſubtriple of e Þ, (that is, if e be triple of a 2). 


the Ratio of the Rectangle e toe g would be com- 


pounded of the duodecuple and ſubtriple Ratio; ſo 


that 4c would have been 12 times ſubtriple of, or 
in one Word, quadruple of eg. Dn 


If you take the thirs Part of a Crown 12 mes, it 


«vill make, or be equal to four whele Crowms : $orkar 
four Crewns are 12 times ſtibrrifle of oneCromun ; tha: 
is, do make 12 Thiras ef a Crown, © 
22, From whence it will appear, that if the 

Sides of two ReCtangles are reciprocally proportin- 
nal, thoſe two Rectangles are equal: For it a U be 
” double to e H, and reciprocally bg be 
Ml "| double toc 5: Or if 2 be triple of el, 
1 Tk and then % g be triple of bc; or ina 
e- Word, if whatever Ratio a b hath to 
= | #@7, hg, hath back again the ſame Ra. 
7 g to cs tis plain, that as much as the 

firſt Rectangle 2 c exceeds the other in 
Leypgth, juſt fo much is it exceeded by the other 
in Breadth; ſo that the Length of one compenſate: 
for the Breadth of the other, and conſequently they 
muſt be equal. And from hence * 
moſt uſeful and important Propoſition: That, 


3 
wa 
— 

por 


edvced this | 


* 


i | 


by the Multiplication of the two AR 
Extreams. As if 46: e:: 5 8 : EE 45 


Katio, to that of their Sides: For the Ratio of ac 
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23. If four Quantities (or Nzumbers) be propor- 
tional, the Product ariſing from the Multiplication 
of the two middle Terms, is al- 

ways equal to that which is made © 


| 


6 


. . 
I ſay, from the Multiplication — 


of the Extreams ab by be there J— 7 


is produced the Rectangle ac: _ 
And by multiplying the middle Terms e % and g, 
there is produced the Rectangle eg; and thole 
two ReQtangles ac and eg are equal. (6. 22.) Be- 


cariſe, as much longer as ab is than e h, juſt ſo nuch 
longer is hg than be), On which is founded the 


Reaſon of the Golden Rule, 
COROLLARY. 


Hence, if in two Ranksof Diſcreet Proportionals, 


the four middle Terms are the ſame: As if 4:6 :3 


cd, and thenalſoe:Þ ::c:f. I ſay, it will be as 
a:e:: 80 will reciprocally f, be to 2 For ſince 
the middle Terms are the ſame in both, the Rect- 
angle a4 will be equal to ef, and conſequently 

their Sides muſt be reciprocally proportional; that 
V . . 
What is thus done by Lines and Rectangles, may 
be done by any Quantity whatſoever ; becauſe all 

Quantities can be ex preſs'd by Lines, and all Mul- 


tiplications of Magnitudes by Multiplications of 
Lines, 7. e. by Rectangles. (6 24.) 6 


24. When ReQangoles have their Sides directly 


proportional, ſo that 2%: %:: 44: % then is the 


Rectangle ac to the Rectangle e, ina Duplicate 


0 
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to eg, ĩscom pounded of the Ratio of a hto e , and ot 
the Ratio of ad to J (s. 26.) But 
a h the Ratio of abtoe H is in this Caſe 
1 (by che Suppoſition) the ſame as the 
n f | 1 
IEA Ratioofaatoef; ſo that to gain 
dL the Ratio which the Rectangle ac 
1 hath to eg, we need only take rice 
2 * ' the Ratio of a hto e h. For Exam- 
F 2 ple, if as here 4b be double to e %, 
and a 4 double to e, the Rectangle à c ſhall be 


twice double, that is, quadruple of the Rectangle 


eg. And if a had been of e , and conſequent- 
ly a 4 triple of ef: Then the Rectangle ac would 
have been three times triple, that is nine times as 
big as eg; 
would have been 16 times as great as e g. 


25. If a third Line be taken as 2 0; and it be ſo 


proportional that 20: h:: eh: uh. Then 


n lo ſhall the two Rectangles a c and eg be to 
one another, as the two Lines a Þ and 2 


ff.. e 
For 2% is to 0 ina duplicate Ratio of a h to e. 
And if a H had been (as it is double) triple or qua- 


druple ofe Þ : Ihen would 4 & have been in a Ra- | 


716 three times triple; or four times quadruple of 


{that is, 9 or 16 times asgreat as) the third Pro- 


Fortional n 0. | 


#26. Thoſe Redtangles which have their Sides | 
thus proportional : That a U: e h: : d: e, are 


called Siuilar, whoſe Homoligotis Sides are thoſe 
which anſwer each to other in the Proportion, as 


a bh and e, or a d ande f. For as 4 b is the great- 


elt Side of the Rectangle ac, ſo e is alſo the 


greateſt Side of the Rectangle eg. 


27. All 


. Or if a b had been quadruple of e , ac 
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27. All Squares are ſimilar Rectangles. For' tis 
lain that if  5be double or triple of e , a mn muſt 
alſo be double or triple of Yi: . 


Becauſe a in is equal to a b, 4 — . 
ie 


and H i to e . EL 2 7 
28. All fimilar ReCtangles 4 ij 

are to each other as the Squares 1 
of their Homologous Sides. I in. 8 

ſay the Rectangle 2 c is to the Ea 
Rectangle e 2: : as the Square hn to the Square ei. 
For as well Squares as Rectangles are to one another 
in a duplicate Ratio of a ö to e h (6. 29. 30.) 
239. Jo know the Ratio between two ſolid Rect- 
angles or F Ne Ne, there ought to be known 
the ſeveral Ratio's that their Baſes and Heights have 


do each other; becauſe the Ratio of one Solid to ano- 


ther is compounded of the Ratio's of their Lengths 
and Breadths, and Thickneſſes or Heights; as is ea- 
ſie to concei ve, if that be well underſtood which hath 
been ſaid about the Proportions of Rectangles. For 
if one Parallelopiped hath its Baſe double to theBaſe 
of another, 4 its Height triple of the Height of 
the other; the former will be twice triple, or three 
times double, or in one Word, ſextuple of the latter. 
30. If the Baſes of two Parallelopi peds be Recißro- 
callyas their Heights,thoſeParallelopipeds are equal: 
Which is proved by the 27th of this Book; for as 
much as one exceeds the other in Breadth and 
Length, ſo much doth the other exceed it in Height. 
31. When Parallelopipeds have all their Sides 
proportional, they are called $77ilay ; and they are 
in a Triplicate Ratio of their Sides, as it hath been 
proved of Rectangles, that they are in a Duplicate 
Ratio of their Sides. „ 
32. Similar Parallelopipeds are to one another as 
the Cubes of their Homologous Sides; for both 
Cubes and Parallelopi peds are in a {71iplicate Ratio 
of their Homo ogous Sides. ” 33. All 
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33, All ReQangles, having the ſame or equal 


| He hts, are to one another as their Baſes, and hav- 
ing the fame Baſes their Heights are equal. 


Lot the Rectangles A and B be between the ſame. 


by Parallel Lines 4 f and c a; ſo that 4 4 be equal to c. 


then do [ ſay, that A: B:: a b: hc: 


e 1 That the Rectangle A is to the ReQ- 
E BA | angle B, asthe Baſe 46 to the Baſe bc: 
CÞ a And that if, for Inſtance, a & be double 

7 to bc, then fhall A be double to B. For 
- is nothing but the Line 5 4 multiply'd by 44. 


15.) and B is nothing but the Line ch multi- 


: 974 by the ſame Line 24, or (which is all one} 
| mew Wherefore (6. 15.) A: B:: a6: bc. 
34. All Para; elograints which are between the 


ſame Parallels (or af ich have rhe ſame Height) are | 


as their Baſes. I ſay, the Parallel- 


as their Baſes: That is, eb: g:: ab. He. 


35. Al Triangles 4 arch have the ſame Heights) | 


or are between the ſame Parallels, as are their Ba- 


ſes; for they are Halves of Paral] lelograms (3 33 
306. When Triangles (as thoſe in the tollowing 
Figure) have their "Baſes on one and the ſame | 
Line, and their Vertices or Tops meeting in the 
ſame Point; they ate taken to be between the , 
Tame Parallels, as 24e and c e, and ade and „4 | 


- (becauſe they Favs the ſame perf endicntar Height. 11 


ogrambg :: as the Baſe ab is to 
the Baſe vc. For having made the 
two prick'd Rectangles on the ſame 
— Baſes, thoſe will be equal to the 
Parallelograms (by 3. 14.) But 

5 thoſe Rectangles are as their Baſes (by the Prece- 
dent). Wherefore the Parallelograms muft alſo be 


Te 


= Low 5 CD s © 


0 


A 


cd 0 ( 0 


— 


_ 
CD 4 or 


—_” 


| abf and fca 55 / % | vey 


to V. 
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PROBLEM TL. 


Hence may a Trapezium, as 4% ce, whoſe two 
Sides a h and ec are „„ 5 
parallel, be divided | 55 


into any given Ratio. 5 
For take cA=a4d. n 
and draw 4 d, then e 
will the Triangles | 


,, LE CE 

ours ths EN: | | 
Triangle 4% Trapez. ea. Whereforeif you 
divide e the Baſe of the Triangle e a4 into any 
Number of Parts, or according to any Ratio, Lines, 
drawn from the Vertex to ſuch Diviſions of the 


| Baſe, will divide the Triangle e 44, and conſe- 
_ quently the Trapezium, in the ſame Ratio. 


37. If in any Triangle a Line be drawn parallel 


to the Baſe, that Line ſhall cut the Legs propor- 


tionally, Let the Triangle be 
abe, and let the Line 4e be parallel c. 


I ſay, that a4: ae:: 40 21 
4b: ec, &c. Draw the Lines 4e / 
and eb, then ſhall the Triangle 27. — 
e cd be to ea d, as the Baſe ec is 


to à e. (6. 40. 46.) So alſo the Tri- 


angle Jeb is to ea4:: as the Baſe 4d is to 4 . 
But the Triangle ec dis equal to 4e % (z. 15.) 
wherefore the Triangle 5 4 e (or ce) is to the 
Triangle ea: as 4: is to d a:: or as ce to ca. 


Therefore alſo mult 4: dA: ce: ea, becauſe 


both the Ratio of þ4 : da, and alſo that of ec: 
e a, are the very {ame with that of the Triangle 


he A or ce d, to the Triangle ade, 
; COR O L- 
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E GNR UT TAX T. 


I | Ik many Lines are drawn TW 
1 1 parallel] to the Baſe of any Tri- 

l OS angle, the Segments of the Sides 

j }, E b, c, and 1, e, J, will be pro- NM 
| „ &/- portional, for drawing 0x pa- or I 
N Alle toabc:b=9 and a= x, 0 Lep 
q but. x:0::f:e: Wherefore a 1 

:: f:e. QE. D. 


"7 NS Ik in a 1 "riangle, as a cb, you 
draw a Line 4 e parallel to the Baſe 
cb, 1 ſay, that e: c:: ae: 
or as 24: ab. For drawing e fp . 
à lel to 20; J will be equal 45 e 4, 
( 3: 9. ) But by the Precedent fb :c 5 


7 5 1: ae Wherefore ed: 0 2 
eb:: 4 e: ac, or as 4 4 to 4. 


PRO- 


KK AA - — I — - Q 
— — \ 
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PROBLEM I. 

Two Lines a and b beins given, to find c, a 
third Proportional io them. 

Make any Rectilineal Angle, and from the Vertex 


or Top of it, ſet the two given Lines down on the 
Legs, as you ſec in the Figure. Set alſo þ downward 


from Sto L, join 8 T, and draw N L. parallel to 
it; ſo ſhall JN be c, the Line ſought ; For 4: 
: 6 c, by this Propoſition, e 
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PR O B. Il. 
I three Lines, 35 a, b, aud c, had been given, 
to find a fourth Proportional (as d, to 


them, or to work the Rule of Three in Lines, 
you muſt pr oceed oF 


Set the two firſt Lines 4 and b from the Vertex 
down on the ſame Leg; and then ſet c the rhird 
Line, from the Vertex on the other Leg: Draw the | 


Line T'S, and through the Point L draw LN pa- 
rallel to it; ſo ſhall TN be ec nal to 4, the fourth 
Proportional ſought ; ſor 4: U: : c: 4 ** the pre- ö 
cedent Propoſitions. | 

P R 0. b 


F 
5 
75 
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PROBLEM, III. 


And this way *tis very eaſy to find a Line 
that fhall expreſs the Product of any two 
Numbers or Quantities: Or the Quotient 
of one divided by the other. 


| For ſince in all Multiplication, as 1 is to the 
; HY MNultiplicator : : So is the Multiplicand to the Pro- 


duct: And fince in Diviſion, as the Diviſor is to 
1: : So is the Dividend to the Quotient: You may 
take*your 1 of any Length off a Scale, and finding 
a fourth Proportional to the three firſt Terms, that 
ſhall be a Product, or a Quotient required: Thus 
if V were to be multiplied by c, make à equal to 
Unity, and ſet off b and c as before ſhew'd, ſo ſhall. 
4 be the Product. Or if 4 were to be divided by b, 
take a= 1, and ſet off all things as before; ſo 


* 


ſhall c be the Quotient; for 5 :zarrd: c. 


H PRO- 
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PROBLEM IV. 


To divide a given Line a b into any Number 


of equal Parts : 
Make at a and Þþ any 


= a 
2 Ks 
| 12 
3] os 
2 - 
* 1 


muſt divide 2b in the ſame Proportion as 4 4 and 


3 c are divided. 


As ſuppoſe into Six. 


two equal Angles, and on 
the Legs 44 and cb run 
with a Pair of Compaſſes 
five equal Diviſions(fot they 
muſt be always one leſs in 
Number than the required 
Diviſion or Parts of the Line 
given) drawing alſo Lines 


aàcroſs from one Point to the 


other, as you ſee in the Fi- 


uu ; ſo ſhall thoſe Lines 


ivide the given Line 4a b 


into the ſix Parts required: 
For the croſſing Lines being 


parallel one to another, 
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PROBLEM v. 


7 To divide a given Line a b into two Parts, 
ſo that they ſhall be to each other as the 
Line C10 D; or in any given Ratio. 


n SE | 5 
n Make any Angle with the given Line ab, and ſet 


es the Line c from its Vertex à to f. And ſet the Line 
y D from F to g; draw the 5 
in Line g, and thro' f, a 


d Parallel to it, as f 4: 80 
ne ſhall the Point 4 divide 
es a bh in the Ratio required: 
ne For C: D:: ad: 4. 
i- And much the ſame 
es way may you cut off from 
1 any given Line 4 b any 
d: Part or Parts required; 
)) ͤã 3.2 
er, Y Make any Angle as ga“ 
nd as before, and ſet on the 


Leg ag, 4g equal to five Parts taken off from any 
Scale: Then ſet two ſuch Parts from a to, join 
gb, and draw f 4 parallel to it; ſo ſhall a 4 be e- 
qual to F of 42 65. 9 


H 2 | 58. Theſe 
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58, Thoſe Triangles are called 
A *'_ AZTike-or Similar, which have all their 
/ three Angles re ſpectively equal to one 
5 2 another, or which are Equianentay : 
e by or. If the Angle A be equal to a, 
25 B the Angle B to , andC toc, then the 
ce” whole Triangle A B C is Like or Si- 
| _ milar to the Triangle abc. 

29. All Gmilar Friangles have their Sides about 
the equal Angles proportional. I fay, AB: 46: 
AC:ac:: BC: be, &c. For take in the greater 
Triangle A B C, A b equal to 49, and A c equal 
to 4c; then will the Triangle A 4c be every way 

equal to@bc(2. 11.) and the Angle Abc is equal 
to the Angleg bc; wherefore it will be alfo to B, 
which by the Suppoſition was equal to #65 c, and 


therefore c is parallel to CB (f. 31.) and confe- 
n 6. 42, 43.) A: A F.: AC: AC:: 
C 0 A = . „ e . 


COKOLLAKY 


Aka Quadrilateral Figure, as ahca, beinkeibed: | 
— Adina pelt, the Net- 
angle under the Diago- | 
nals HA and ac, is equal 
to both the Rectangles 


That is, 4 c xb4= | 


cad; and then adding 


W 4 under the oppoſiteSides: 


baxod + ad x be, | 
make the Angle bae= | 


the Angle e a f to both, 
the Angle h e 
3 . And the A 4 44 fimilar | 

to Abat: Then willac: d:: Ba: be. (by this 
Prop.) Wherefore 4c * E & ba. Again 1 „ 


fo 4 


LES % i & AS<a£L . — 1 GS. = V. SG 
© 0 [1 bow & — 
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ſo A Ad:de: : ac: cb. Wherefore adxcb = dex 


ac. Batacxbe+acxed=acxb4. Where- 


fore a c xb4=baxdc+aaxbi. Q. E. D. 


GRG. 
The Segments of Lines incerſefting eachother be- 


tween two Parallels, are 


proportional: — — 
That i 18, C: 4: 22 7. 7285 Foe — | 8 8 


| by ſimilar Triangles c: e 


4:73 wherefore alter- J "A 
nately 6:41: J. Where- — —— 
fore cf — 40. : 'b 

40. All fimilar Triangles are ina Duplicate Ratio 
of, or as the Squares of the ir Homologous Sides; 
for ſimilar Triangles are the Halves of ſimilar Pa- 
rallelograms; W 7 muſt be as their 
Wholes. 

41. Similar Polygons: are thoſe which having an 
equal Number of Sides, have all 
the ſeveral Angles in one, equal A 
to thoſe in the other, and alſo V 7 
the Sides about thoſe equal An- . 
gles proportional. As if the E 
Angle A be equal to a, B to h; 
and moreover A B: 257: BC 
be:: CD: ca; then thoſe two 
Polygons are ſimilar. 


Hz 42. And 2 
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i 42. And among curvineal or mixt Figures, thoſe 4 
| areſimilar in which you may inſcribe, or about which d 
| | Fou may circumſcribe ſimilar Poly- Equ 
| Wy gons; ſo that any Polygon being ang 
# / Aa inſcribed or circumſcribed about be 
1 ; e one Figure, you may inſcribe or and 
i IM 4 circumſcribe a fimilar one about to 
11 DC” theother. For inſtance, if having and 
CC: inſcribed any Polygon, as ABCDE, the 
in the greater curvi/inealFigureyoua Tri 

can inſcribe another in all reſpects ſimilar to it in . 

the leſſer Curvilineal Figure 44 e, then thoſe ſimi 

two curvilineal Figures are ſimilac. F 

In like manner having taken two mixt Figures, as AE 

the two Segments of Circles B A Cand bac; and poſi 
„ having inſcribed in one any whe 

” Triangle at Pleaſure, as I} (6-- 


c ; A . BA C; if then you can in- Sap 


3 Vc ſeribe in the other Segment 
1 v5 4 : another Triangle ac, that 


„hall be ſimilar to the for- i. 
„„ mauer; then ſhall thoſe two AB 
Segments be ſimilar Figures. equs 


And if the Circles of which they are Segments be 1 4. 
compleated, they ſhall be fimilar Parts of thoſe two to E 
Circles; ſo that if BACbe a third Part of its Circle, ang] 

b a c ſhall alſo be a third Part of its Circle: And if H 

1 to the Centers you draw the Lines BD and CD, and P oly 
[ alſob A and cd; the Angles D and 4 ſhall be equal. vidir 


(See 4. 11. and the following Propoſitions.) F 0 
7) 8 VS 
COROTIARY: 45 

C OROLLARY,. on Dup] 

molo 


The peripheries of Circles are as their Diameters: the 8 

For as AB: UA:: BD: d:: 2 BD: 264 :: ſo it AB 
will be of every ſide of the inſcribed or circumſeribed 
Polygon; wherefore the Sum of them all, that is 
the Peripheries, muſt be in the ſame Ratio. 


N ; 
Ll 


and let the firſt be divided in- : 
and E C (3. 14.) I fay that if 
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43. All Circles are ſimilar Figures. 
44. All ſimilar Polygons may be divided into an 

equal Number of ſimilar Tri- TS 

angles. Let the fimilar Polygons 


be ABCDE and a beute; 
to Triangles by the Lines EB 


the other be alfo divided into 


Triangles by the Lines e 6 and 


ec, all the "Triangles in one ſhall be (reſpectively) 

kmilar tothole inthe other. © oo ine 
For inſtance, I ſay the Triangle 4 be is ſimilar to 
ABE: for the Angle à is equal to A (by the Sup- | 


poſition)andalſo AB: 4 U:: AE: ae (by the ſame) 


wherefore the Triangle A B E is ſimilar to abe. 
(6. 46.) Again, the Angle E BC may be proved 
equal toe 5c; becauſe the Angle A BC is (by the 
Suppoſition) equal toabc, and it was proved (12 
the laſt Step, where the Triangle A B E vas proves 
ſimilar to a be) that the Angle 4e is equal to 


ABE; wheretore from equal things taking away : 


1 wh the Angle E B C remains equal tothe Angle 
eb c. In like manner the Anglee c is prov'd equal 


to EC B, and conſequently (6. 45.) the whole Tri- 


angle e hc will be ſimilar to EB C; and ſo of the reſt. 
Hence the Practice of making on a Line given a 
Polygon ſimilar to one aſſigned is derived. For di- 
viding the given Polygon into Triangles, make a 
Figure, conſiſting of a like Number of ſimilar Tri- 
angles, on the given Line. | 
45. All fimilar Polygons are to one another in a 
Duplicate Ratio of, or as the Squares of their He- 
mologous Sides. I ſay, as the Squares of AB: is to 
the Square of a U:: So is the whole Polygon 
ABCD E: tothe Polygon ag e. For ſince all 
the Triangles in one Polygon are ſimilar to thoſe 
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in the other (6. 51.) all in one Polygon will be to 
all thoſe in the other in a duplicate Ratio of any of 


their Homologous Sides ; that is, as the Square of 
A R is to the Square of a b. 

46. Allfimilar Figures, even Curvilineal ones, are 

0 _— to one another as the Squares 

5 of any Side of any ſimilar 
uh Wo hes | 

1 a Figures, which can be in- 

B Dc c ſeribed or circumſcribed a- 

bout them, v. gr. Let there 

I D „ be two Circles, in which are 

nw inſcribed two ſimilar Tri- 

ͤ— ee 894 andA BC: TI 

ſay, the whole Circle A BC, isto the Circle a 5c: : 


"0. 


Soso is the Square of B C to the Square of Þ c, or, 


which is the ſame thing, as the Square of the Ra- 
dius BD to the Square of the Radius 4. For in 
or about the Circle 4 þ % may be inſcribed or cir- 
cumſcribed any Polygon you pleaſe (or at leaſt ſuch 
an one may be imagined) (4. 30.) But . 
inſcribed in 4 ) c will have a leſs Ratio to the Cir- 
cle ABC than the Square of bc hath. to the 


Square of BC: and every one circumſcribed about 


abc will have a greater Ratio tothe Circle A BC, 

as is eaſy to prove by the Precedent, and from 

what hath been ſaid of Circles in the fourth. Book. 
Wherefore all ſimilar Figures, SS. 


-G OR OQ L LASY TT 


r > bx 21 * guy = n * I X OI Wy Sr Try, Frag Oe FS AR 1 — * 
TE Wo eg i nn To hath EIS ER IGS# 7 


Bool 


by the 
meter 
multi] 
by the 
other 
rre:: 


\ | 
meter 
meter 


For 


As is } 
Terms 


III. 
pherie: 


IV. 
(that i: 
multip 
Diame 
comme 
Radiu: 
the R 
Thus { 
251.1; 


ches, t 


. 
I. Circles are to each other as the Squares of their 0 5 
Radii or Diameters: for ſuppoſe a Circle whoſe Ra- i 125 3 5 
dius is 7, and then another Circle greater, or leſs | ern 
than that, and call its Radius R, then will its Dia- inſcribb' 
meter be 2 R: then whatever the Ratio of the Nia- || 
meter (2 R) be to the Peri phery, let it be expreſſed 


——— —_ 
— —— — — a 


— — 
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by the Letter e, then will 2 Re (or e times the Dia- 
meter) be the Periphery; and half of this, viz. Re, 
multiplied by R will be the Area, viz. R Re. And 
by the ſame Method of reaſoning, the Area of the 
other Circle will bey r e. But certainly RRe: 
re:: RR: ry: : RR: 477 Wherefore, &c. 


II. Hence 'tis plain, that the Square of the Dia- 


meter of any Circle is to the Area of it, as the Dia- 


meter is to 4 Part of the Periphery. 


ror A RR RR R 5 A Re.) 


As is plain by multiplying the Extreams and mean | 


I Terms by one another. 


Ag g 
e N 


U. Hence alfo us Plain (again) that the per- 
pheries of Circles are as their Diameter 


That is, 2 R :2#::2 Reco re. 


| IV. And fince the Area of every Circle ixr ve 
I (that is, the Product of the Square of the Radius 
multiplied into the Name of the Ratio, between its 


Diameter and Periphery.) A very ready way (for 
common uſe) to find the Area of a Circle whoſe 
Radius is given, will be to multiply the Square of 
the Radius into this or ſuch like Decimal 3.1. 
Thus ſuppoſe the Radius 9 Inches: $r x 3.1 = 
251.1; which is very nearly the Area in ſquare In» 


ches, tho' ſomething leſs. 


47. All this may be apply'd toSolids. And there- 


fore ſimilar Solis are ſich, as have their Angles all 
equal, and the Sides about thoſe Angles propor- 
tional; or (if they are of a ſpherical or of any ſphe- 
roi dical Figure) ſuch, as can have fimilar Solids 
1 inſcrib'd or circumſcrib'd in or about them, C. 


48. Simi 
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48. Similar Solids are to one another in a (Tyipli- 
cate Ratio of, or) as the Cubes (of their Homobogons 
Sides, &c.) See 6. 36, 37, Oc. 


( (And therefore all Spheres muſt be to one another 


as the Cubes of their Diameters, &c.) Which may 
be eafily thus proved; the Solidity of the Sphere 


may be expreſled after this manner; by what is 


ſaid in the Corallaries in P. 75, 76. 


The Area of a great Circle of the Sphere, whoſe 
Radius is R orr, being R R eorr7e(by Cor. 1. 
Art. 53.) 4 times that will be the Surface of each 
Sphere; that is, 4 RRe the Surface of the greater, 


and 47 7e the Surface of the lefler ; and multi- 


plying the Surface by 4 of the Radius, the Soli- 


dities will be LEEDS and :Which oy 


| | 


_ Quantities being multiplied and divided by the 
ſame, will be in the ſame Ratie, when without ſuch. 
5 4 RRR e. 


Multiplication and Diviſion: That is — — 


88 : RRR : FFF...” That is, Spheres are as 
the Cubes of their Radii, and conſequently, as te 


Cubes of their Diameters. Q. E. D. 


P R O- 


PC 


To 


aa aw 


y; the Greater Baſe of 


lar (cg and Pk being 
ee 8 85 


and alternatelyc g: SE:: 
ga: ia. But ga:k Aa: 


multiplying the BaſeB into the whole Height 1 
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PROBLEM. 


To find the Solidity of the Fruſtram of a Pyra- 


mid or Cone, cut by a Plane parallel to the 
Baſe, having given the two Baſes together 
with the Height of the Fruſirum. 


Solution. By Prop. 32. of Solids, a Pyramid or Cone 


is equal to + of a Priſm or Cylinder of the ſame 


Baſe and Altitude. Let n t ako the Altitude of the 


Fruſtrum,be called H, 
and m a the Height of 
the Top- piece wanting 


the Fruſtrum B, and the 
leſſer Y; the Triangles © 
4 p and ac g are ſimi- 1 3 


ore cg: ga: : Rx: xa, 


24. m4 (from the Similarity of the Triangles, gan 


and æ am) wherefore ex £quo cg: pR: : a. ma; 


and by Diviſion cg -p E: pE : h, m a: 


zun) in a; which put into Symbols (putting cg the 
ſide of the Baſe = 8, and & S) will ſtand thus S— _ 


§: S:: H: — . Wherefore having found 


, | Le, 
the Height of the little Pyramid or Cone which is 


wanting, I ſay, having found it in known Terms, it 


willbe eaſy to find the Solidity of the Fruſtrum; for 
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the Product B HBV a Priſm of the ſame 
Baſe and Altitude with the whole Pyramid or Cone; 


and i 15 SY Priſm or Cylinder of the Ga Baſe and 
Altitude with the leſſer Pyramid or Cone. 1 "a 
* 


3 


by the aforementioned Propoſition, - 
bh — 


Solidity of the whole Py rapid or Cone, and 


Solidity of the leſſer. Now from the Solidity * the Y 
whole taking the Solidity of the lefler Pyramid or 
Cone, there will be left the Solidity of the Fruſtrum 


required, viz. BB Ds —bh 


a "= Solidity of the 
Fruſtrum. 85 | 


hs Theorem in Words is this: Multiply the 
greater Baſe by the whole Height, and from the | 
Product ſulſtract the upper Baſe multiply'd by the 
Height of the Top-piece wanting, and; ro the Re- 
mainder de give the Fuſtri um. 


| | the ſame 44 (the leſſer Le 


1 Segments of that Hypothenuſe. 
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49. If in a Rectangle Triangle abc, a Line as 
4 4 be drawn from the Vertex or . 

Top of the Right Angle, perpendi- 
cular to the Baſe, Hypothenuſe, or 
longeſt Side bc, it ſhall divide the 
Triangle av c into two gther Rect- 


_ angled ones, 4 h d and Aa c, which c 8 : 5 


will be ſimilar to each other, and 
to the whole Y 4 . For, 1. All the i i 
three Triangles have one Right An- © 
gle. 2, the Triangles a he ande . 
a % A have the Angle b common to both: Where- 
fore they are ſimilar (6. 45.) 3. The Triangles 4 b 
and 44 c have alſo the Angle c common to both: 
therefore they two are ſimilar; and laſtly, a b d and 
a d c being both ſimilar to one third Triangle abc, 
%%% . ĩĩ ͤ 
50. The Perpendicular 4 4 is a mean or middle 
Proportional between h 4 and 4c, That is, 4: 44 
:: 48:46, For the Trianglesc 4 a and Aa being 
ſimilar (by the laſt) c (the leſſer Leg of the Tri- 
angle £44) ſhall be to 4 4 (the greater Leg) :: As 
g of the other Triangle 


ad 0) is to h 4 the greater Leg. (6. 46.) 


1 HE Square of 44 is equal to the Rectangle 


made between c 4 and 4b, For, ſince c A4: d a:: 
4a: db (by the laſt) the Rectangle of the RExtreams 


d and 4 b, is equal to the Rectangle of the mean 


Terms 4 A and 4 2 (6. 28.) But the two ſides of that 
Rectangle being equal, becauſe 'tis only 4 4 taken 
twice, that Rectangle mat be the Square of 4 2; 
and fo it may be laid down as an univerſal Fheo- 
rem, that Sc the Square of the Perpendicular drawn 


from the Vertex of any Rectangle Triangle to the 


Hypothenuſe, is equal to the Rectangle unaer the 
52. The 
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5a. The Square of a mean Proportional is always 
equal to the Rectangle of the Extreams. 


PROBLEM I 


gr Between two given Lines a and b, to find 4 
mean Proportional, as d. 


Join a and b both in one Line, which make the 
Diameter of a Circle; and then at the Point x, where 
the given Lines join, erect a Perpendicular as a; that 


ſhall be the mean Proportional required. For the 
Angle D R S being a Right one (as being in a Se- 
micircle) Y : d:: 4: a, by Prop. 57. 


r N 0 B. . 


And thus may you find a Line equal to the Square 
Root of any Number or Quantity, by finding a 


mean Proportional between it and 1. For if D= 4, 


anda =1; then will 4= 2, equal to the Square 


Root of 5. 


DOSY 


Boe 


8 


the 


Se- 


are. 
ga 


= 4 
lare 


„ 
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= ¾il§x;! 

Thus alſo may a Square be found equal to any 

Rectangle given, by finding a mean Proportional 

between its Sides, which ſhall be the Side of the 
Square required. „„ 


VCC 
20 find a Square equal to any Triangle. : 


Find a mean Proportional between a Perpendi- 
cular let fall from any Angle to an oppoſite Side, 
and the half of that Side; and that ſhall be the 
Side of the Square required. og 
53. A Reftanglebeing given tomake another Ref- 
angle equal to it, which ſhall have a Length given. 
Let the Rectangle given be ac, and let 
it be required to make another equal to TP 
it, the Length of one of whoſe ſides ſhall 4——C 
be the Line ef: Here are now three e 
Lines given, v2. a Þ and bc (which are | ; 
the ſides of the Rectangle given) and -g 
e F, which muſt be one fide of the Re&- 
angle required. Thererefore a fourth Line muſt 
be found which ſhall be the other fide of the Rect- 


angle ſought : which is done by finding a fourth 


Proportional to the three given Lines (6, 43.) which 
let be e h. So that ef: a b:: be: eh; and then 


I fay, the Rectangle f þ is equal to 4 b, and is the 


Rectangle required. (6. 2.) 85 
N. B. This is called Application of the Rectangle, 


equal to a Right Line a b, vid. Eucl, p. 6. e. 6. 


54. To 


5 vx 2h — 
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54. Toexpreſs a Rectangle, you need uſe but 


three Letters, v. gr. When we ſay the Rectangle 


bac, we mean a Rectangle, one of whoſe Sides is 


d, and the other Ac. But if we ſay the Rectangle 


%, we then mean a Rectangle, one of whoſe 


Sides is c, and the other c/. 


55. In every Rectangle Triangle the Square of the 
H ypothenuſe is equal to the ( $7 
of re) Squares of the two other 


a 
5 — e Vibe Legs.) 


Sides (or tothe Sum of the Squares | 


Let the Square hm be divided 
by the Perpendicular a 4 e intothe | 
: : two Rectangles 4 mn and du. I ſay 
1 „ jn that the Rectangle 477 is equal to 
the Square of ac, and the Rectangle 
An, to the Square of 4 and that by conſequence | 
the whole Square h ½%)7 is equal to the Sum of the 
Squares of 4% and ac. For, 1. The two Triangles | 
a Ac and abc being ſimilar (6. 56.) 4c: ca (in the 
leſſer Triangle #c4) ::as the ſame ac: ch in the 
greater Triangle a c 6. Wherefore ac is a mean 
Proportional between 4 c and c (or c m) and con- 
ſequently the Square of ac is equal tothe Rectangle] 
TE ee Ts Tn | 
And after the very ſame manner may ah be prov'd | 
to be a mean Proportional between 54 and þ c (that 
is Yu, &c.) (fer the Triangle a bd being ſimilar to 
a be, db the leſſer Side in one Twill be to ba the 
greater Side, as that b a (now the lefſer Side in the | 
other Triangle a bc) is to be the greater Side: That 
2, db: ba: ba: be ſor bn) and conſequently | 
rhe Square of a b is equtal to the Rectanglè d b n, | 


or dn. And ſo both the Squares together, of b a 


and a c, or their Sum is equal to the Square of the 


P R O- 


Hypothenuſe. Q. E. PD. 


Be 


make 
ſet hf 
at the 
be th 
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PROBLEM I. 
Hence any two, or more Squares, may eaſily be 


added together into one Sum. Let ab, hd, and ef, 
be the Sides of three givenSquares ʒ place a b and 4 


T0 

N | 
* ; 4 
1 8 


J at Right Angles, and draw the Hypothenuſe a 4, 
{ whoſe Square will be equal to the Sum of the 
Square of 4 bandab. Then ſet 4a from & to e, 
and the given Line ef, from 5 to,: So ſhall the 
Hypothenuſe fe, be the Side of a Square equal to 
the Sum of the three given Squares. 


PRO . II. 


Or if two Squares be given, you may ſubtrat 
tone from the other, and find a Square equal to the 
| Difference between them. = 


Lt à and h be the Sides of the given Squares; 
make (the longeſt Line) the Radius of a Circle, and 


ſet / from the Center on the ſame Right Line with 43 


at the End of /, erect the Perpendicular p, which will 
be the Side of a Square equal to the Difference be- 
ZM i ora M ins. = 
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joining thoſe Rectangles together, ſo as to make 


. | a "AH 
445 5 
: 
„ 
U — = 
tween theSquares of 2 and &, the twoSquares given; | "i 
for ſince the Square of 7 is equal to the Sum of the 7, g 
Square of b and Þ (by the precedent Prop.) the f thof 
Square of ꝓ muſt be the Difference between the two A ; 
given Squares, whoſe Sides are 4 and b. 3 
PR O B. III. * 
| Hence alſo may a Square be made equal to any ”, 
given Polygon, or irregular Right-lined Figure: | 7 
By reducing the Figure into "Triangles; finding | 0 
Squares equal to thoſe Triangles; and then one] £2 
Square at laſt equal to the Sum of all thoſe] 
_—_— cc. 2.14 
— "Oe ” making Rectangles equal to thoſe Trian- | Triar 
_ ples, which ſhall have all the ſame Height; then | of the 


one great one equal to them all; and laſtly, make 


a Square equal to that Rectangle. 


59. U 


3 
he | 
the 
WO 


any 


ary. f 
ding 


ri an- 
then 


make 
make 


I ſhall be to B and C, as the 2 
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59. If upon the three Sides of a Rectangled Tri- 
angle are made three fimilar Figures, and thoſe ſimi- 
larly poſited, the greateſt ſhall | 5 


ſimilar, are as the Squares of SJ. 
their Homologous Sides (6.53) Nm RAN 
And therefore the Figure A C W 


be equal to the other two. we i. of 70 7 
For the three Figures being LL |; 
"= 


Square of bc is to the Squares 


of a band a c. But the Square of þ c is equal to 
thoſe two Squares (Hy the laſt) therefore the Figure 


A is equal to both B and C together, 


P NOB IL E NM. I. 
To find two Lines, b and c, . which foall have 


the ſame Ratio to one another, as two gi- 
ven Squares, Similar Triangles, Similar 


one | Polygons, or Circles. 
CCC F 
I Loet à and à be theSides of the two given Squares, 


Y 
8 
* 


Triangles, Polygons; or the Diameters or Radius's 
of the Circles given: Set them at Right Angles to 


1 one 
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one another, as you ſee, and draw the Hypothenuſe 
b +c, to which let fall the Perpendicular 2, which 
ſhall divide the fs foe into two Parts & and c, | 
the Lines required. For the Triangles Z and X be- 
ing ſimilar (by 56. of the 6.) will be to one another 
as the Squares of their homologous Sides à and 4, 
(6. 47.) Theſe Triangles alſo having the ſame Height, — 
will be as their Baſes (6. 42.) wherefore their Baſes 
band c, are as the Squares of 4 anda. Q. E. DP). 


PROBLEM II. . 


x 


[3 


n 


e 


S 


This Problem may be inverted thus; To make | the! 
two Squares, Triangles, &c. having the 
Ratio of two given Lines, b and c, or in f 


any given Ratio. 
Join the Lines into one continued Line, and then 3. 
make that the Diameter of a Circle, from the Point 
where b and c join; erect a Perpendicular to the] © 
Curve as p, then draw 4and 4, and they ſhall be the 
Sides of the Squares, Triangles, ſimilar Polygons, Fre 
or the Diameters of the Circles required. inge 
CE Ina Right-angted Trian{ 
gle let the Hyporhenuſe be % 
the Catheti or Legs þ and « 
a Perpendicular from the 
Vertex of the Right Angle 
P, and the Segments of tg 
„ Baſe made thereby, a and e, 
Then 1. Þ:b::c:þ. Wherefore Vp = bc, from. _. 4 
whence will ariſe theſe 4 Theorems, for finding 
any of the Sides or Perpendiculars by having the 
=_ 5 55 | | | 


ws 


— 
— 


ſe Book VL of GEOMETRY, 
4 * a 117 
c 1. 0 =— Of 
2 i 7 HD b 
bp 
ler 2. 0 = = | bc 
25 7 4.5 = 7 
hr, 


ſes | | | | 
i 2.8.6: 6.5 5 | 11245 
| | 1 1 Wherefore + 5 5 
| Ke De 5 
Whence will ariſ: 
ale | the Segments from eto Therm finding 


the 
OT, 25 

| Is 1 22 75 e 
chen 3. apes :b.c os 
hg 0 Wee 0 2 | 
o the] 5 
e the 8 2 
gons, om whence theſe Theorems will ariſe for find 
a wy the Segments. the Si orems will ariſe for find- 
ak” Segments, the Sides, or the Perpendiculars. 
and e e . e 
n the Ou. 
of tht 55 4. c. 
1 9 Pp | 7 | 
+ or „ . 
indin Drs ad 4. «7 
ng th | 5 1 

4. 5. 7 8208. 0 af 


E waking, =p" 
c. P b. 4 . = 
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And Conſequently, 
1 4s EE: | 
7 C 
5. And ſince e 2 and (by 3.) == 13 
Therefore 55 — Wherefore 7 ch=bce. 


And dividing both by e, 7 þ = b c. 


That is, the Rectangle under the Legs, is equal to 
that of the Perpendicular into the Hypothenule, c. 
For, by proceeding after this Method, the Reader 

may eaſily diſeover many ſuch Propoſitions as theſe: 
Which I leave to exerciſe his Skill and Diligence 


this way. 


. "That the Rectangle under either Leg of a 
right angled A, and the oppoſite Segment of the 
Baſe, is equal to that under the Perpendicular 


Into the other Leg. 


II. The Square of the Hypothenuſe is to that 


of either Leg :: As the Rectangle under the Hy- 
pothenuſe, and the Segment of it, oppoſite to that 


Leg, is to the Square of the Perpendicular. 


III. The Solid under the Perpendicular into the 
Rectangle of the Legs, is equal to that under the 


Hypothenuſe into the Rectangle of its Segments. 


IV. The Square of the Perpendicular is to the 
Square of any Leg, as the Segment oppoſite to the 


Leg, is to the whole Hypothenuſe. 
5 . V. The 
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V. The Square of one Leg into the oppoſite Seg- 
ment of the Hypothenuſe equal to the Square of the 
other into its oppoſite Segment. Wherefore, 


VI. The Squares of the Sides are as thoſe Seg- 
ments. = 


Triangle, there be made a Semi- 
circle bac, and on the other two 
© | 3 
Sides a band ac, two more Semi- 
circles Y nd amc, that great jk 
Semicircle will be equal to the o- 


ther two (by the laſt Propyirion.) And if from the 
greater Semicircle, and the two leſſer ones, you 
take away what is common to both; which are the 
two ſhaded Segments ab and ac; what remains 
of each mult be equal, 7. e. the Triangle abc is 


N 


5. When the Triangle Y ae is an Iſoſeeles, then 
the Lunes will be equa), and then alſo the Triangle 


equal to both the Lunes 6 2a and a 
And this is the Quadrature of the Lues of 
pocrates of Scio. „„ 


4 b o, being the half of 4 c, will be equal to each 
Lune. But if the Triangle be a Scalene, as in this 


Figure, the Lunes are unequal ; and 'tis as difficult _ 
to divide the Triangle ac into two Parts by the 
Line 40, ſo as to be able to prove the Triangle a bo 


to be equal to the Lune 72 a, and the Triangle 045 


to be equal to the other Lune 472c; this is, I ſay, 


as difficult as to find the Quadrature of the Circle. 


N. B. Smcethis, ſeveral ways have been diſcover 
of ſquaring any aſſigned Portion of theſe Lunes 
(See the Philoſophical Tranſaftions, No 259. 
pag. 4, II,) Of which this is one, 


14 Let 


56. If on the Hypothenuſe h c of a Rectangled 


tis ELEMENTS. 


Let there be a greater Circle B G A C, on whoſe 
quadrantal Arch B A, let the Lune be BEAG B, 


or L, be drawn by deſcribing the ſemicircular Arch 
BEA, which is one half of the leſſer Circle BCAE. 


Let then a Line, as C E, be drawn from the Cen- 
ter of the greater Circle, cutting off any Portion 


* 


to ſquare that Segment. 
Draw BG at right Angles to E C; So ſhall the 
Chord B G be perpendicularly biſſected in the Point 


or Segment of the Lune, as BE D: *Tis required 


F or n,drawalſo BE and EG A. I ay, that the 
Right-Lined Triangle BE E, is equal to the Part 


of the Lune BE D. 


For FG being equal to FB, EF common to both, 
and the Angles at F equal, becauſe both Right, the 


Triangle EEG will be equal to BEF : Wherefore 
the Angle o being equal to 4, they muſt be both Se- 
mi right; And conſequently, F and 8 muſt be alſo 
| oy h „„ e 
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Semi- right: Therefore the three Triangles EBG, 


E BF and E F G, muſt be each one the half a 
Square: And conſequently, GB: EB: : V: 2: V1 3 
for the Square of G B is double the Square of EB; 
and ſince ſimilar Segments are as the Squares of 
their Chords, the Segments BG muſt be double of 
BE: Wherefore the half of one will be equal to all 


the other; that is, BD F equal to the Segment BE. 


And therefore the Rectilineal Triangle BE FE, ex- 
ceeding the Portion of the Lune by the half Seg- 


ment BE E, and falling ſhort of the Lune by the 
Segment BE, which is equal to that former half 
Segment BD F, the Triangle is exactly equal to 


< 


the Portion of the Lune. Q. E. D. 


And the Ground of all is this, that the Angle BCE 
being at the Center of one Circle, and at the Cir- 
cumference of the other, mutt divide the Quadran- . 
tal Arch BGA, in the ſame Proportion as it doth 


the Semi- circular one BE A: On which depends 


the Equality of the Segments B E, and BD FF. 
And ſince the Triangle BCA is equal to the Lune 
L, (as is apparent by taking the common Segment 
GAE, from the Semi- circle BEA E, and from the 
Quadrant BGA C) it will be eaſie to take from 
thence a Part, as the Triangle BOC, cqual to the 


aſſigned Portion of the Lune. For having let fall a 


Perpendicular from E, to find the Point O, draw OC; 
and then will the Triangle BOC, be equal to the 
Triangle BEEF, before proved equal to the Segment 

of the Lune. For the Triangles BCA and BEF 

are ſimilar, as being each the half of a Square: And 
therefore the former to the latter will be as the Square 


of BA, to the Square of BE (6. 47.) their homo- 


| logous Sides. That is, as B A is to BO (6. 25.) for 


B Eis a mean Proportional between B A and BO. 


Farther, the Triangle BAC, having the ſame Height 
with BOC, will be to it as the Baſe AB to hey 
Where- 


8 3 
\ bt * 
* . — 0 5 -* Ao 3 - 
9 — > r ven. E Sy — 2 — — 


—— 2 is 
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Wherefore the two Triangles BEF and BCO, be- 


ing proved to have the ſame Ratio to one and the 


ſame thing, muſt be equal. Q. E. D. 


And therefore to divide the Lune according to any | 


given Ratio, you need only divide the Diameter 


AB, according to that Ratio in the Point O, and 


from thence ereC a Perpendicular to find the Point 
E: Then draw E C, which ſhall cut off the aligned 


Portion of the Lune. | 5 
38. Two Chords cutting or croſſing each other 


in a Circle, have the Segments reci- 


4 5% Procally Proportional. 


Fc qual to the Rectangle deb. 


ee For draw the prick'd Lines aband 


2c, and the two Triangles a be and 


ce will be Similar: Becauſe, 1. The Vertical or 


Oppoſite Angles at e are equal (1. 23.) 2. The Angle 


5 is equal to c, becauſe ſtanding both on the ſame 
Ark a4, and being in the ſame Segment (4. 12.) 


wherefore the two Triangles are Similar, and con- 
ſequently ae.eb::4e. ec. (6. 46.) Q. ED. 


59. If a c be the Diameter of a Circle, and 64 

„ a Perpendicular to it, 4 e or be will 

be a mean Proportional between the 
Segments of the Diameter 4 e and 
—e ec. Becauſe 46 is equal to e b 15 
) 


4.6.) and therefore ſince (% the laſt 


between ac and ec. Q. E. D. Me 


60, Two 


XI fay, thatac:be::4e:er, and 
A % : conſequently the Rectangle 2 6 is . 
b 


the Rectangle b e 4 (that is be 

Sg nare) is equal to ae c, as the Re- 
ctangles of the Parts of all croſſing Chords are; 
the Line Ye or e, muſt be a mean Proportional 
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60. Two Lines ac and 44, drawn from a Point 


4, without a Circle, to the internal 
ard oppoſite Part of its Circumfe- 
rence, are to each other Recaprocally 
as their external Segments. | fay, ac, 
a d:: ger a b, and conſequently the 
Rectangle 4 U is equal to 4 a6, For 
ſuppoſing the Lines ce and 54 to be 
drawn, the Triangles a ec and 4 4 b 


will be ſimilar, becauſe the Angle 4 is n bn to 
both, and the Angle c is equal to i, becauſe ſtanding 


on the ſame Ark be (4. 12.) Wherefore 44: ab:: 
ca: ae; and alternately, 428:c:@::4b:ae; and by 


Inverſion 4: : da h (b. 45) And therefore 
the Rectangle ca b is equal to 4 ac. Q. E. D. 


11 one Line, as ab, touch Pl Circle, 26 in the 8 
Point &, and another Line 4 4, drawn from the 


ſame Point 4, do cut it; then is 45 
(the Tangent) a mean Proportional «a 
between a4 and à e (i. e. between 
the whcle Secant, and the Part of it \ 
without the Circle. INF 
For drawing the Lines be and , 
the Triangles a e band ba 4 will be 
fimilar, becauſe the Angle 4, iscom- 


mon to both, and the Angle 45 e (made by the Tan- 


gent, and Secant eV) is equal to 4 (an Angle in the 
oppoſite Segment )(4. 17.) therefore they are ſimi- 
lar, and conſequently ea (in the little Triangle) will 
be to 4 b:: as that ſame 5 is to a 4, in the greater 


Triangle zi. e.e4:40::40:44, Q. E. D. 


61. Let 
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: 61. Let there be a Diameter a Y cut in c by an infi- 
nite Perpendicular ee, whether with- 
3 in the Circle, as in Hg. 1. at the 
Circumference, as in Fig. 2. or with- 
e e out the Circle, as in Fig. 3. Let 
5 there be drawn alſo from the Point 
4, any Right Line, as à e, cutting 
af the Perpendicular in e, and the Cir- 
e „ in 4. I ſay, it ſhall always be 
FF CATTLE: "SB 41::860:40. Tm 
For drawing the Line þ 4, there 
"50h will be made two Triangles that are 
„ fimilar, as e ac and 4a h; which 
3 e will be ſo, becauſe they have one 


Angle, as , common to both, and 
the Angle equal to c, becauſe both are Right 
ones (for 4 is Right by 4. 14.) as being an Angle 
in a Semicircle, and c is Right by the Suppoſition. 


Wherefore the Triangles are fimilar, and conſe- 


quently 44:ac::ab: ae, Q. E. D). 


62. In the ſecond Figure 4 4 is always a mean 
Proportional between and 4; in the firſt, the 
middle Proportional is & E, drawn from a, to the 
Place where the Line e c cuts the Circle. 
S3. If of a Dn inſcribed in a Circle, the 


Angle h a c be biſſected by the Line a ea. 


I ſay, then 5 4:4e::44:4c. For drawing the 


Line e, there will be made two Tri- 


 rherefore alternately ba: ae:: ad: ac.) Q. E. D. 


angles ab A and a ec, which are fi- 
milar; becauſe the Angle 4 is equal 
toc (4. 12.) as (being in the ſame Sg 
ment) or inſiſting on the ſame Ark,B 
and AA is equal to e à c, by the Sup- 

© Poſition, Wherefore the Triangles are 
ſimilar, and conſequently bþa:4a4::ae:ac (and 


*twill always be 4e: d:: a c: 
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64. When the Angle at the Vertex is thus biſ- 
ſected, the Segments of the Baſe hc are alſo propor- 


tional to the Legs of the Triangle (i. e.) e:: ec 
::ba: ae. For ſuppoſing e f drawn parallel to þ a: 


Then will 04: ac::ef: fc (6. 40.) But ef is e- 


qual to a f, becauſe the Angle a ef is equal toe ab, 
(as being alternate Angles 1. 51.) and conſequently 


to e af (by the Suppoſition) wherefore the Triangle 
aef is an {ſoſceles (2. 15.) And therefore inſtead of 
putting of it as before Ya: a:: e: fe, we may 
lay BA: ac :: af: Ic. But as a,: f:: foisbe 


:eC (6. 42.) wherefore þ 4:4c::be:ec. Or, 


Which is all one, Oc: ec: ba: ac. Q. E. D). 


N. B. 7 his Propoſition is Univerſal; and if” 
any Angle of a Triangle be biſſefted, the 
Legs about that Anghe are proportional to 

the Segments of the oppoſite Side mage by 


5 rhe Tine biſſecting the Angle.) 


55. If two Circles touch one another (i Point 
- 201014) as-4, and; it to that Point fn 
you draw a Tangent and a Perpen- 
dicular ac (which will paſs thro? 
both their Centers) (4. 5.) and if (& 
alſo you draw any Secant from / ge 


the ſame Point, as ae 4; I ſay, ; 


ab. For having drawn the Lines 


ec and 4b, the Triangles a ec and ab d will be 
ſimilar, as having the Angle at 4 common, and 

e and 4 both right ones; (by 4. 

3 quently&e:a4::4c:45, Q. E. PO 
66. The Ark e cis to the Ark d b, as the whole 
Circle à ec, to the whole Circle 4 4 b. (6. 49. 

and 4. 11.) VVV 


Q. E 


1 


14.) and conſe- 


N ; 
* 

4 0 

| 

| 

| 

f 

5 
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PROP. 


67. If two (or more) Chords, as c, C, iſſue from 
the ſame End of any Diameter of a Circle; Their 
OO Squares ſhall be directly, as 

the Verſes Sines x R. 
And ſhall alſo be equal ro 
N Te Rectangles under the Di- 


1 Let fall the right Sines $ 
| and 8. Then will cz =5s 


called D, its Parts will be x 


and D, X and D X: 


But S5 r, D — & „, and SS DX XX 


(by 66. of this Book) wherefore ſubſtitute thoſe 
two laſt Quantities inſtead of the Equals 5s and 
88; and you will have cc = D - 
FTlrhat is) Dæ andCC= DX—XX XXI that is) 
{ _ DX; which proves the latter Part of thePropofition, 


that the Square of the Chord is always equal to 


the Rectangle under the correſponding verſed 


Sine, and the whole Diameter... 
e NS TO And 'tis plain, that 


-Dx.DX:: X. B. B 
e 


(8. A Circle, whoſe A rea is equal to the Con- 
vex Surface of a given Cone, will have its Radius 
a mean Proportional between the Side of the Cone 


Let: 


and Radius of its Paſe, 


ameter and ſich VerſedSrnes, 


„ Fr, nd ces. 
„ X; and if the Diameter be 


— : p Fr 
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Let the Side of the Cone be = a, the Radius of 


the Baſe=—7; then the Diameter will be 2 1, and 
the Periphery = =27e=c. But half the Periphe- 


2 into the Side of the Cone is = to the Convex Sur- 


face of the Cone (by...) that is, 47 e expreſles the 

the Area of the Cone, Now ſince : 4 7 is a mean 

Proportional between a and r (for a. / 1 ar ::4/ : ar 
7) I imagine /: Ar to be the Radius of the Circle 
whoſe Area = Area of the Cone. Then will its 
Diametersbe 2 /: a T, and its Periphery 24/:are3 
and by Multiplication of 2 y :are, the Petiphery 
into 4 5 :7 4 the half Radius; or Vrare into V/: 7 * 
dhe Radius of the Circle will be a re =, the Sur- 

face of the Cone. Q. E. D. 


69. The Convex Surface of a right Cone is to 


the Area of its Baſe : : as the Side of the Cone i is 20. 


the Radius of the Baſe. 


For ſince the Convex Surface of the Cons (oy 
What is ſaid after 14. Book 4.) is equal to a Tri- 
angle whoſe Baſe is equal to the Periphery of the 
| Circular Baſe of the Cone, and its Height the Side 
bol that Cone, call the . c, and the Side of 


5 the Cone a, then will expreſs the Area of the 
5 COPE Surface, and he Area of the Baſe will be 
l. — (by Art. 26. Book 4) But there is no Doubt 


Ac 7 5 
4 7. Wherefore, ___ 


70. A Circle hols Radius is equal to the Dia- 


| : meter of the Sphere, will have i its Area equal to 
| the Sphere's Surface. 7 


42 
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Let the Radius of ſuch a Circle be 2 7, then its 
Diameter is 4 7, and its Periphery will be 47e; 
and by multiplying that by 7 = half of Radius, 
the Area is4 77 . Let then the Radius of the 
Sphere be r, then will its Diameter be 2 1, and 
the Periphery of a great Circle 2 1 e, which being 
multiplied by the Radius y, makes 2 1 re; the 
half of which is 7-7 e, the Area of a great Citcle; 
but the Area of 4 ſuch Circles is equal to the 
Sphere's Sur face (by Cor. V. F. 76.) that is, 47 70 
t to the Sphere's Surface; which was above pro- 
ved equal to the Area of the Circle, whoſe Radius 
Was equal to the Sphere's Diameter. Where— 
fore, Oc. PROMO fe gn Toon in ont 


=> ” 4 


— 
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/ Incommenſurables. 


MF Lefler Quantity is ſaid to 72eaſure a | 
S%7 greater, when being taken a certain 
number of Times, it is exactly equal 
Wn the greater. J. gr. Suppoſe a Fa- 
— 27 thom to contain ſix Feet; then may | 
1 one Foot be {aid to meaſure that Fa- 
thom, becauſe being taken or repeated ſix times, 
it will be exactly equal to the Fathom, © |. 
2. The Quantity which is thus a Meaſure ro a | 
greater Quantity, is called a Part of that greater; 
and the greater Quantity is call'd the Multiple of 
the leſſer. So a Foot is the Part of a Fathom, [1 
and a Fathom is the Multiple of a Foot. | 
3. If you take the Quantity (Fa common French _ 


„ | Pace) which is two Foot and half, and try with that /! . 
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to meaſure a Fathom, you cannot do it: Becauſe if 


= 

* 
h 

| 
. 


you add that Pace only twice, it will make but five ber, 
x Foot, which are leſs than the Fathom ; and if you nitu 
. take it three times, it makes ſeven Foot and half, ble: 
1 which are more than the Fathom; ſo that this Quan- 8. 
tity of two Foot and half cannot meaſure the Fa- ality 
„ thom, and therefore properly {peaking is not a Part expt 
| of it. But nevertheleſs they may be {aid to be Parts muſ 
F of the Fathom, becauſe this Quantity contains five 59, 
. | half Feet; for an half Foot is a Part of a Fathom, ced 
becauſe being taken 12 times, it will juſt meaſure anot 
| it; ſotherefore this Place contains Paris of the Fa- may 
| thom, becauſe it contains five halt Feet, which are For 
b 14, that is five twelfths of a Fathom. ber, 
| 4. When two Quantities are ſuch, that a third I a pl; 
4 can be found which ſhall be an (Aliiquot or Even) of 3 
Part of both, that is, which ſhall z2eaſtre them 1c 
both exactly: Then thoſe Quantities are ſaid to by a 
be commenſurable : As for Inſtance, a Pace and a the « 
Fathom are two commenſurable Quantities, be- the! 
cauſe we can find a third Quantity, vis. half a 11 
„ Foot, which will meaſure them both ; for if the I thoſc 
i | half Foot be taken five times, it makes the Pace, their 


and taken 12 times, it makes the Fathom. 
J. But when it is not poſſible to find any third Side: 


i Quantity which can meaſure two others, then Rec 
F | thoſe two Quantities are called Incommenſurables. the f 
4 6. Commenſurable Quantities are as Nmver to 12 
oF Number, that is, thoſe Quantities can be expreſſed equa 
by Numbers, fo that as one Quantity is to the other, 23 a 
fo ſhall one Number be to the other. Thus a Line 4 mi 
of fix Foot or a Fathom, and a Line of two Foot 13 
and a half, as a Pace, are to one another as Number I form 


to Number. For half a Foot meaſuring them both, I range 
the latter by being taken 5 times, and the former by Þ ber, 
being taken 12 times, it's plain that one Line con- form 

tains; half Feet, and the other 12, and therefore they } _ 

ate as 3 to 12, or as Number to Number. 5. If 


r / / r 


uw 
»S 


Cd -- -1-- (Þ 


| 
— 


* © 


4120 


e Sas 


— 
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J. If two Quantities are not as Number to Num? 
ber, that is, if it be impoſſible to expreſs their Mag- 
nitudes by two Numbers, they are Incommenſura- 
ble: As is plain from the laſt. TT, 
8. Weought then to ſee whether there are in Re- 
ality any ſuch Quantities whoſe Magnitude cannot be 
exprefs'd by Numbers; and if there be any ſuch, we 
muſt ſay that there are [ncommenſtravle Quantities. 
9. A plane Number is that which may be produ- 
ced by the Multiplication of two Numbers (oe 17210 
another) v. g. 6 is a plane Number, becauſe it 
may be produced by the Multiplication of 3 by 2 : 
For twice 3 makes 6. So alto 15 is a plane Num- 
ber, ariſing from 5 being multiplied by 3; and g is 
e Number, produced by the Multiplication 
| 1 hot: Numbers which, being multiplied one 
by another, do produce a plane Number, are called 
the Sides of that Plane, as 2, and 3 are the Sides of 
the Plane 6; and 3 and 5 are the Sides of 15, 
11. If we imagine Units to be little Squares, 
thoſe Squares may be formed into a Rectangle, if 


their Number be a Plane. J. gr. 12 Squares may be ö 


placed in the form of a Rectangle, one of whoſe 
Sides may be 6 and the other 2 and 45 will make a 
Rectangle whoſe two Sides may be 12 and 4. See 
the following Figures B and . 


12. Aſqtare Number is a Plane, whoſe Sides are 


equal; as 4 ariſing from the Multiplication of 2 by 
25 as 9, the Product of 3 by 3: And 16 made by 
4 multiplied by % . noi nfs 
T3. A ſquare Number may be ranged into the 
form of a Square, and that Number which can be 

ranged into the form of a Square, is a ſquare Num- 


ber, and that which cannot be ranged into the 


form of a Square, is not a ſquare Number. 
fs K 2 | 1. Ob» 
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14. Similar Plane Numbers are thoſe which may 
be ranged into the Form of 
ſimilar Rectangles; that is, 


1 
Erz TI in ine Reflangles, whoſe Sides 


are proportional; ſuch are 
1 and ge ; 7 the 5 3 of 

A . 12 are 6 and 2 (See Fig, B) 
HERE and the Sides of 48 15 12 | 
and 4 (See Fig, C) But 6:2::12:4, and there- Þ 
fore thoſe Numbers are fimila. 
15. All ſquare Numbers are fimilarPlanes (6. 32.) 


o rr? 8 8 


15 16. Every Num- 

2 be een 
= 9 | |] in the Form of a 
CL | 11418 _|_] | Right Line, and 
4} 11 in that Diſpoſition 
nnn may be taken for a 


// ;ð ꝗ Te If 
(in Fig. A) may be conceived as a Plane ſimilar to 
12 or B; For the Sides of the Plane 3, are 1 and 
3, (becauſe once 3 is 9) and the Sides of 12 are 2 

e, oy TY 
1. There are Numbers which are not ſimilar 
Planes: As if you examine from x to x0, you will 
find indeed that 1, 4, 9, being Squares are ſimilar, 


ke; ae EG, A Goes eee io oa oe 


1% and foare 2 and 8, which have one Side double to F l 
the other, But the reſt, as 3, 5, 6, 7, arzbyno | / 
I; means ſimilar Planes. 6; a Cas 
. 18. If one ſquare Number be multiplied by ano- 1 
i ther, the Product will be a third ſquare Number. _ 
4 5 Thus A 4, and B 9, being both F © 
Wl * ., Squares, do, when multiplied into 1 
g ij D A one another, produce the Number | wo 
1 fe 30 or C: And I fay that third Num- f 
1 e ber is a Square. For the Meaning Fr 17 


of multiplying B by A, is take Bl 1 
as often as there are Units * „ 


112. are ſimilar Planes; ſo that 
the Side 3. is to 6 :: as the Side 


vide the Plane B, 12 into... 
Squares placed juſt in ſuch a NBR = 
manner as thoſe  littleSquares 1. 
„ A. And every one oPPoPuoEo it s egers 
of the great Squares of B ſhall anſwer to 4 of thoſe 
In A; oo allou the Planes hung. 
.-: had been 8 and a; Ilcan 
divide 72 intoeightSquares, pay 
of which every one ſhall 
contain 9 of thoſe in the : 
leſſer Plane 8. The ſame 
 -- woald come to pa ale, . 
either one, or both the Numbers had been Fractions. 
As if A contain 3 and , and B 14. I can divide 14 
into three Squares and half, diſpoſed juſt like thoſe 
in A; as may be ſeen by the Partitions in the Figure, 
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But I may conſider the whole Number B 9g, as one 
only Square, and I can take that as often as there are 
Units or little Squares in A. And as the Units in 


A are ranged into a Square, ſo I can range the 


Square B as often into a ſquare Form, juſt as if ir 


| were an Unit. So that there will be four ſuch 


Squares of B, which, being placed as you ſee in the 
Figure, will make the Square Cor 36. 


159. If two Numbers are ſimilar Planes; the greater 
may be divided into as many Squares as there are U- 


nits in the leſſer. A, 3. and B, 55 


1. is to 2. Wherefore I can di- „I. J. EZ IL - 


and by the half Square added in prick'd Lines. 


In like Manner if the Planes were B Iz, and D 2), 
I can divide 27, not only into three Squares, diſpoſed 


after the ſame Manner as thoſe in A: But alſo into 
12 Squares, ſo ranged as thoſe in B, as the prick d 


Lines in the Figure D do ſhew, The Way to do which 
is to divide the Sides of the 8 Plane into as ma- 
ny Parts as the homologous 


Sides of the leſſer Plane 


KR 3 . 
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are divided into; the Figure ſhews the thing, and 


makes it caſie. 


* 


20. Thoſe plane Numbers which can be ſo divi- 
ded, as that there are as many Squares in the greater 
Plane, as there are Units in the leſſer, are ſimilar; 
this is the Converſe of the former. | 


21. Two fimilar plane Numbers, multiplied one 


Into another, do produce a Square. For having di- 
vided the greater Plane into as many Squares as there 
are Units in the leſſer (7. 19.)one Plane will be 
_ multiplied by the other, if the greater Squares of the 
greater Plane be taken as often as there are Units or 
little Squares in the leſſer Plane: But to multiply 
any Number of Squares by the ſame Number, is 


to make one Square out of all thoſe Squares. 


For Inſtance, A 3. and B 27. being ſimilar Planes, 
I conſider B. 27. as a Plane compos'd of three great 
Squares, as A 3. is a Plane compos'd of three Units, 


or three little Squares. So that if Itake all theſe three 


great Squares as often as there are Units in A, that 

is three times ; I produce then three times three ſuch. 
great Squares as are in B, that is 9 ſuch ſquares; of 
which every one contains 9 of thoſe in A, and all 
theſe 9 Squares of B contain 81 of thoſe of A; fo 
that A z. multiplying B 27. produces 81. which is a 


Number of the leſſer Squares rang'd 


like Mannerit the Planes were B. 12. 


Ek. and D. 27. I divide 27 into 12 
ERA IT: 7 S zuares, which I multiply by 12. 
wax ha tos and there are produced 144 greater 

i_dod Squares ranged in the Form of a 


2 1 Square, which do contain in all 324 
of thoſe of the leſſer Plane. (N. B. To divide 2) in- 
20 T2 Sqrares, each Sg are muſt be 2. 25. (er tro and 
7 arte: Jas you m ſee it is integr. Ne 19.) 


22. It 


ns into a ſquare Figure; and by conſe- 
p yz quence a ſquare Number (J. 13.)In 


will have the Plane af, which will 
be the eighth Part of the Square 4c. 9 25 
But to divide a Number or a Plane © EC 
by 8, is to take the eighth Part of | 
that Number / nn innuendo 
I.gſay the Plane af isfimilar to 8; for 8 beingrang- 
cd into a Right Line, ſo as to make a Rectangle, one 
of whoſe Sides ſhall be 8, and the other 1, ſhall be ſi- 
milar to it, becauſe ae was taken the eighth Part of 
F 24orav: Wherefore as 8: 1 :: (which are the Sides 
of the Plane 8 the Diviſor) ſo ſhall a Y: ae (which are 
the Sides of the Plane of the Quotient ariſing when the 
Square 4c was divided by 8. Therefore if one Num- 
ber divide another that is a Square, Cc. Q. E. D. 
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22, If two Plane Numbers are fimilar, after what 
Form ſoever you range one, the other alſo may be ſa 
diſpoſed, Let 3 and 12 be ſimilar Planes. If 12 


be ſo rang'd ina Right Line that will make a Rect- 


angle, one of whoſe Sides ſhall be 12, and the other 
I: I ſay that 3 may be ſo diſpoſed as to make a 


ſimilar Rectangle, one of whoſe Sides will be 6, and 


the other the half of one, £9, „ 
23. If one Number divide another that is a ſquare 
one, a third ſhall be produced which will be a Plane 


ſimilar to the Diviſor. | 


Let there bea Square 4 © 16, and let it be divided. 


by any Number, as ſuppoſe by 8, which is done if 
you take the eighth Part of the Side - Y 
4 4, viz. ae, and thro' e draw the þ FFT. 


23 


Parallel ef: For by that means you 


24. If two Planes multiplying one another do 


| produce a Square, whoſe Planes are fimilar. 


25. Two Plane Numbers which are not ſimilar, if 


they are multiplied into one another, cannot pro- 


duce a Square. Theſe two Propoſitions are Con- 


* ſectaries from the foregoing ones. 


G K A | 26, If 
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26. If two Numbers are ſimilar Planes, their Equi- 


neultiples and any of their (reſpeFfively) equal P 
are alſo ſimilar Planes. Let wp Planes bela c L 3 
and AB CD, 12. ſo that ab: AB:: b: BC. 1 


Jay, if you take the double of the one, and the dou- 
ble of the other (or any other Equi- multiple, be it 


what you pleaſe) thoſe doubles ſhall be ſimilar. 


Por having taken 4e double to 2 4, and A E dou- 


ble to AD: in order to 


5 1 1 alſo ae: AE: : ab: AB. 
And conſequently the Planes Ge and BE are ſi- 


75... ̃ ĩ ͤ . Lo Sure i ono Lee 
Twould be the ſame thing had you taken their 


_ Halves bo and BO, or any other equal Parts of each. 
227. If two Numbers are not fimilar Planes, their 


5 Equi - multiples, and mende effively)equalParts 
0 


will alſo be not ſimilar, which follows from the laſt. 


28. Between any two ſimilar plane Numbers 
whatſoever, there is to be found a mean Proportio- 
nal. Let the two Numbers be 2 and 8, I ſay it is 
poſſible to find a Number which ſhall be a mean Pro- 


* 


: AD, and that out of thoſe two Right Lines there be 


That Plane A C, 16. will be 


_ Poſitions) and conſequently the Number of the Jit- 


bo 


A — 1 wake the Plane be dou- 
TT. ble to 5 4, and BE 

of L 4 N [1-1 double to BD: *Tis 
F gen" Clear chat a4 A D:: 
/ » 

.... 224: AB. Wherefore 


ortional between them. For if we imagine the 
| Plane 8 to be ranged in a Right Line A B, and the 
Plane 2 alſo be ranged in another Right Line, as 


formed the Plane A C, 16. 


/ of the two Numbers 2 and 8 


II LII produced by the Multiplication 
5 (6. 17, and the following Pro- 


may be ranged into the Form of a 4% — 
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the Squares of the whole Plane AC: 16, ſhall be a 
ſquare Number (7. 21.) and they 


Square (). 13.) Let them then be eU 

diſpoſed into the Square a c. So ſhal! f ＋ 

the Square 4c be equal to the Plane F141 
| AC z for *tis only the ſame Number d———c 


diſpos'd or rang'd after another Manner, Wherefore 


| (6. 59.) the Side 4% 4 ſhall be a mean Proportional 
between A Da, and A BE 8. Oo. 
2209. Between two Numbers non-fimilar a mean 
Proportional can't be found. Let the Numbers be 
4, and 6. Range each of them into a Right Line, and 
multiply them, they will produce the Plane 24. But 
this Plane 24 is not a ſquare Number (7. 25.) and 
conſequently cannot be ranged into a ſquare Form. 
22 between 
4, and 6. For ſuch a pretended mean Proportional 
muſt, multiplied by it ſelf, produce a Square, which 
(as hath been prov'd elſewhere) will be equal to the 
Plane made between 4, and 6. (6. 59.) which is im- 
poſſible, becauſe this Plane 24, made out of 4 and _ 
, i not « fquare n 
3o. Let there be two Lines ae and e c, ſo to one 
another, as one Number to another 
non: ſimilar. J. gr. as 1. to 2. Let al- 
| ſoeb be a mean Proportional, fo that 
gd cꝛeb:iebiec. I lay, that eb is. 0 
lncommenſurablè with the two Ex- 
treams 4 e and ec. For 4e and ec, 
being as 1 to 2, (i. e) as Numbers 


Wherefore tis impoſſible to have any 


non- ſimilar (by the Suppoſition) as alſo are all their 
Ezquimultiples (J. 2). ) tis im poſſible to find a mean 
Proportional between a e and ec (by the Precedent) 
and conſequently e þ cannot be to 4 e, or to ec, as 
Number to Number. Wherefore it is incommen- 
ſurable with them. %%ÜÜ§Ü* nz 


31. The 


— —— — 


CELLARS i Soong EM HEEL OS 


32. The Powerof a Line is the 8 
made upon it. Thus the Power of the Line ac. 
(Fig. preced.) is the Square ae bc; and the Power 
of the Line a b is the Square a bf. And we ſay 
that Line 4 0 is double in Power (in Latin 57s Poteſt) 
to the Line ac, which is a manner of ſpeaking bor- 
towed from the Greeks, and generally receiv'd a- 
mongſt Geometers. ET J 


— * 
* 


v ̃ — 
% 2 2 . 
Ls 
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31. The Diameter of a Square 20 is Incommen- 
ſurable to the Side ac, For taking 4 4 


eb Aqouble to ac, and making the Tri- 


angle 4b a, it ſhall be ſimilar to the 
aN. d Triangle 2% c; becauſe c4 being e- 


i qual to c, the Angle 4 is equal to 


* c (2. 15.) and the Angle 4 mult 


be a Semi right one as well as c, 


' wherefore a bd isa right Angle; and conſequently 
ec:ab::;:ab:ai hat is, ab is a mean Propor- 


tional between ac 1, and 44 2, and therefore In- 


COROLLARY: 


Fence *tis impoſſible to expreſs one Square that 
ball be Double of another in rational Mnm- 


Vers. 


33. The Diameter a b is Commenſurable in Porer 


to the Side ac: That is, its Square a b 4, is Com- 
menſurable to the Square ae bc, for *tis indeed 
double to it. i op on 


34. But 


uare which is 


ll 
i 
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Square by that firſt Line, or Root. 


de Cubes may be fo ranged, as to make ſimilar 
and rectangular Parallelopipeds. 


34. But if you take a 0, a mean Proportional be- 
tween a band ac, that mean a o ſhall bel ncommenſu- 
rable to them even in Power; 7. e. the Square of 4 0 is 
Incommenſurable to the Square of 4 U, or 
to the Square of 2 e, for the Square of 40 4——0 
to the Square of 4 b, is in a Duplicate Ratio Y 
of ac to 40 (6. 22); that is, as4ac to 49 6. 30. 
But a c is Incommenſurable to 40 (7. 31.) where- 


| fore the Square of 4 0 is Incommenſurable to the 


Square of %%... „%%% nn ld 
35. There is a Second Power of a Line which is 
called the Cube, which is made by multiplying the 


36. If two mean Proportionals, 4 72 and à in, be 


taken between ac andab; ſo that ac, 


an:: am, ab; the Line an will be Iln- a 
commenſurable in this ſecond Power to - 


ac (i. e.) The Cube of 4c will be In- 
commenſurable to the Cube of , becauſe the Cube 
of ac to the Cube of à u is in a Tyiplicate Ratio of 
the Side 4c, to the Side a 2; i. e. as 4c to 4. But 
ac and à b are Incommenſurable; wherefore, Sc. 
However, 4c and ab are Commenſurable in the ſe- 


cond Power | 5 for the Cube of ab 18 double to the 


37. Tis eaſy to apply to Solid Numbers whathath ay 


here been {aid of Plane ones: And thoſe are called 
Solid Numbers, which ariſe from the Multiplication 


of a Plane N//juber by any other whatſoever. J. gr. 


: 18 is a ſolid Number made of 6 (which is a Plane) 
multiplied by 3; or of 9 multiplied by 2. — 


28. Similar Sid Numbers are thoſe, whoſe lit- 


39. Cubic Numbers are ſuch as can be ranged 


Sz into the Form of Cubes, as 8. or 27, whoſe Sides 
are 2 and 35 and their Baſes 4 and * | 


g "06 | 8 40. Every | 
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40. Every cubick Number, multiplying another 
cubick Number, produces à third cubick Number. 


441. Between two ſimilar ſolid Numbers there may 
be found two mean Proportionalss. 


That which hath been demonſtrated, in reſpect to 


Plane Numbers, may be applied to Sclids. 
2432 Theſe Demonſtrations, by which 'tis proved 
that there are incommenſurable Lines and Magni- 
tudes, ſhew alſothat a Continuum is not compos'd of 
finite Points: For if the Diameter as well as the 
Side of a Square were compos'd of finite Points, a 


Point would meaſure both the Side and the Diame- 


ter, for that Point would be found a certain Number 


of Times in the Side, and another determinate 


Number of Times in the Diameter, which the pre- 
ceding Propoſitions prove impoſſible. = 
43. Becauſe in a Rectangle Triangle the Square 
of the Hypothenuſe is equal to the Sum of the 
Squares of the Legs; (6. 61.) we have always uſed 
this Triangle for the Diſcovery of Incommenſurables. 
For if all the three Sides are commenſurable, they 


may all three be expreſs'd by three Numbers, and 8 
then the Square of the greateſt Number will be equal 


to the Sum of the Squares of the other two. As if 
the greateſt Side or Hypothenuſe by 5 Feet, the leaſt 
Side z, and the middle one 4: The Square of 5 
will be 25, the Square of z, 9, and the Square of 4 
will be 16: And 9 and 16 added together do make 
the great Square 25. But if the leaſt Side of ſuch a 


Triangle be 2, and the middle one 2, then the great- ] 

eſt Side cannot be expreſs'd in Numbers, becauſe the 
Square of the leaſt Side 4, added to the Square of the 
middle Side 9, makes 13, which expreſs the Square 
of the greateſt Side. But as that Number 13 is not | 
a ſquare Number, ſo its Side or Root cannot be ex- | 


prefs'd by any Number. 


„ 


44. At all times Men have been ſollicitous to find 
out fome Method of diſcovering proper Numbers to 


expreſs 


———. . 
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expreſs the three Sides of a Rectangle Triangle, ſo 
as to be aſſured that all the three Sides are Commen- 
ſurable. Therefore I here ſhew you ſuch a Method, 
by which you may find out all the poſſible Num- 


bers that are proper for this Purpoſe. 


——— ů me 
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45. If you take any two Numbers (even Unity it 


elf) differing but by an Unit, and add the Squares 
of them together, the Sum will be a Number which 
ſhall be the Root of a Square equal to two Squares; 


and that Number will expreſs the greateſt Side of a 


Rectangle Triangle, whoſe middle Side ſhall be that 
Number leflen'd by Unity, and the leaſt Side ſnall be 


the Sum of the two firſt Numbers. J. gr. Having. 


taken 1 and 2, and ſquared each ofthem, you have x 


and 4; add thoſe two Squares together, and the 
| Sum is 5. I ſay 5 will expreſs the greateſt Side, and 
then 4 will be the middle one, and 3 the leaſt; and 
25, the Square of the Hypothenuſe, will be equal to 
the Sum of the other two Squares. In like manner 
if you take 2 and 3, and add the Squares 4 and 9 
together, the Sum is 13. Then J ſay, will 13, 12 
{ and 5 be three Sides of a Rectangle Triangle; ſo 
that 169, the Square of 13, ſhall be equal to 144, 
and 25, the Squares of 12 and 5. Moreover if you 


take 3 and 4; the Sum of their Squares 9 and 16, 


makes 25; wherefore I ſay 25 may be the greateſt 
Side of a Rectangle Triangle, whereof 24 will be 
the middle Side, and 7 the leaſt Side. 


It muſt be obſerv'd alſo, that the Equimultiples of 


were 


any 3 Numbers thus found, will do the ſame thing : 
Thus, having found 5, 4 and 3, their doubles 10, 8 
and 6, will repreſent the threc Sides of a Rectangle 
Triangle, fo that rco, theSquare of 10,fhall be equal 
to the Sum of 64, and 36 the two Squares of 8 and 
6. And their Triples alſo 15, 12 and 9, will do 

the ſame thing: For any one may ſee that all theſe 
Numbers, ſtill having the fame Proportion, do as it 
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were conſtitute but one only Triangle, viz. that 


Which is expreſs'd by 5, 4, and 3. And therefore all 
thoſe Numbers may be taken for the ſame. 


N. B. 2. he three Sides of a ReAlangled Triangle 
will then only be commenſurable, when they are 
in this Proportion, viz. as a a +ee, aa — ee, 
and 2 a e. T hat is, the Sum of two Square 
Numbers, the Difference of their Squares, and 

. the double Reflangl of their Roots. 


— 


— — 
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ELEMENTS 


; 07 Pr rogreſlions and Logatithins, 


| finitely, but not diminiſhed, 


i 
9 


OF 


GEOMETRY. 


BOOK vm. 


TE Regreſſs on is a Series or Rank: of 
'@& Quantities which keep between one 
M another any kind of ſimilar Rela- 
don or Proportion; and every one 
of the Quantities is called a 757. 
2. When the Terms which ſo fol- 


| low one another do equally increaſe or decreaſe, 
| the Progreſſion is called Arithmetical; as are all 
| Numbers proceeding according to the natural Or- 
| der of the Figures, as I, 2, 3, 4, 5, 6, Oc. As alſo 
| all odd Numbers, as 1, 3, 5, ), 9, 11, Cc. or as 4, 
18, 12, 16. or as 20, 15, I0, and the like, 


3-Arithmetical Progreſſion may be increaſed in- 


4 lf 
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4. If in an Arithmetical Progreſſion there be four 
Terms, the Difference between the two firſt of which 
is equal to the Difference between the other two, 


thoſe four Terms are ſaid to be Arithinerically Pro. 


| "ang As in the Progreſſion of thenaturalNum- 
bers, 1, 2, 3, 4, 5, 6, 7 8, 9, O. If you you take 
four as 2, 3: :: 9, 10, (7 #15 Mak ::: I ſhall for rhe 
Future nje to ſignifie Arithiaetical Proportion) there 
will be the ſame Arithmetical Proportion between 2 
and 3, as there is been 9 and 10; that is, 10 ex- 
ceeds 9, as much as 3 doth 2: So alſo 3: 5: :: 8: 10, 
are in Arithmetical Proportion; and ſo are 1:5 ::: 
5:9, where 5 being taken twice, is an Arithmetical 
mean Proportional between 1 and 9. 


F. In Arithmetical Proportion the Aggregate or 
Sum of two Extreams is equal to the Aggregate of 
the two Means, as in 2: 3:::9: 10. the Sum of | 
2 and 10 is equal to the Sum of 3 and q, that is 13 
ſo alſo in 3: 5 ::: 8:10. the Aggregate of 3 and 


10 is 13, which is equal to the Aggregate of 5 and 8. 
And the Reaſon of this is ſelf- evident: For tho' 10 ex- 


ceeds 8, yet that which is added to 8, (vis. 5.) doth * 
juſt as much exceed 3, which is added to 10,and ſo 
there neceſſarily ariſes an Equality between them. | 


6. The Sum of the firſt and laſt Terms in any 


Arithmetical Proportion, is equal to the Sum of the 


ſecond and the laſt ſave one; or to the Sum of the 


third from the firſt Term, added to the third, accounted | 
backward from the laſt, &c. as in the firſt Example, 

1 and 9 make 10, and ſo do 2 and 8, 3 and 7, or 

6 and 4 always make 10. And in the middle re- 


mains 5, which being taken twice (as if it were e- 


quivalent to the Terms, becauſe 'tis equally diſtant 


from the firſt and laſt Term) makes alſo 10, 
J. If you add the firſt Term to the laſt, and mul - 


_ tiply that Sum by half the Number of the Terms, 


| theProduttſhall be equal to the Aggregate or Now. 
eh oak „ uA 


— , , V B 3 
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of all the Terms. As in the former Example, 1 ad- 


ded to 9, makes 10, and 10 multiplied by 41 (or 
4, 5) for there are 9 Terms, produces 45, which is 
the Sum of all the Terms from x to 9. As is ma- 
nifeſt from the Precedent. e 


S8. When the Terms of the Progreſſion are conti- 
nual Proportionals; that is, when the fitſt is to the 


ſecond, as that is to the third Term, as the third is 
to the fourth, and as the fourth is to the fifth, Qc. 


then the Progreſſion is call'd Geomerrical, as 1, 2,4, 
8, 16, $2 :: Ox a1, 3, 9, 27, 81 ::; Or again, as 3, 
12, 48, 192, 768 z Or geſcend ing, as 8, 4, 2, 15: Or 
f laſtly, a8 2, 4, 765 725 $35 Sc. 3 5 


9. Geometrical Progreſſion may be encreas'd and 


diminiſh'd infinitely. _ 


10. When the Progreſſion begins with r, the fe- 


| cond Term is call'd the Root, Side, or firſt Power ; 
the #174 is call'd the Square or ſecond Poxrrer ; the 
fourth, the Cube or third Power ; the fifth, the Bi- 


quladrate or fourth Power; the ſixth, the Sur-ſolid 


or Poer; the ſeventh, the Quadrate- Cube or 

rr 
II. If (in ſuch a Progreſſion) you take four Terms, 

the former two of which are as much diſtant from 


each other, as the two latter are: Thoſe are ſimply 
Proportional, and the Rectangle of their Extreams 


is equal to that of their two middle Terms. 
12. Let the Quantity AB be ſo divided in C, D, 
E and F, c. that AB: AC:: AC: AD: : An: 


. 


AE, c. Thenl ſay, BC: CD: DE: EF, Cc. are 


in continual Geometrical Proportion; and al ſo that 


AB: AC:: BC: CD:: CD: DE, &c. for becauſe 


AB: AC:: AC: AD, it will follow, by Diviſion 
of Proportion, that AB: leſs AC: (that is CB:) AC:: 


as AC leſs AD: (that is DC) AD, and conſequent- 


ly alternately CB: CD:: AC: AP, or as AB: AC, 
and fo of all others it may be proved:: DC: ED: : 
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13. Let there be a Progreſſion of Quantities in a 


Right. line BC, CD, DE, EF, &c. let C4 

A be equal to the ſecond Term CD, that ſo we 
-. ay hav BA the Difference between the firſt 
5 and ſecona Terms: And let it be made as Bu: 
E BC:: BC, to a fourth Line, viz. B A. I ſay, 
I chat if the Number of the Terms BC: CP: 
DE, c. be finite, though never ſo great, all 


Di thoſe Terms taken together, although there 


be an hundred thouſand Millions of them, 
fhall be leſs then BA. But if we ſuppoſe the 


0 


} 


finitely many, then ſhall all of them taken to- 


CD) is to BC: BC, (that is A B leſs AC) 


" SHB 


5 AB: AC:: AC: AD, Oc. and conſequently all 
the Terms CD, DE, EF, &c. will always be found 
within, or be hither the Point A. 'To which it ap- 


proaches the nearer, the more the Number of the | 
Terms is increas'd. So that we ſee plainly, that al! 


| theſe Terms (which in Books are uſually call'd 


Parts Proportional) the? they be actually infinite, 


cannot make an infinite Length, becauſe they will 
be all included within the Line BA. 15 


14. This Demonſtration will appear much more 


eaſie and ſenfible by the Example of a particular 
Progreſſion, where the Terms are in a doube Ratio; 


v. g. Let CB be double to DC, and DC double to 
DE, Ec. For if the Number of the Terms be here 


finite, tho? it be an hundred thouſand Millions, and 
you take the laſt and leaſt Term, for Example F E, 


and add to it another Quantity, as ſuppoſe AF, equal f 


to it: It is then plain, that E A muſt be equal 
ro the Term ED, which is the laſt ſave one: For 


ED is double EF by the Suppoſition (the Ratia ö 


being 


Progteſſion infinite, or that the Terms are in- 


4e gether be exactly equal to B A. For ſince by | 
the Suppoſition B, (that is B Cleſs Cd or 


A, it may eaſily be found that as BC: CD:: 


n om os JE. nt. 1%... ic oa — 2d = "Ry 
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being every where double) and E A is alſo double to 
EF by the Conſtruction, it having been made ſo, by 
taking F A equal E F. In like manner A E with 
DE, that is AD, ſhall be equal to the following 
Term C D, and at laſt A C will be equal to B C. 
So that from hence it appears, that the r or great- 

eſt Term is always equal to all the others taken to- 


gether, provided there be added to them but a 


Quantity equal to the laſt and leaſt Term; but if 
nothing be added, the firſt Term is always greater 


than the Sum of them all. 


If theſe Terms are ſuppos'd to be actually infinite, 
then the greateſt BC will be exactly equal to all thoſe 
infinite others taken together CD, DE, EF, c. For 
any one may eaſily diſcern, that the more there are 


f of ſuch Terms, the more vou approach towards A, 


by cutting off {ill the half of the Remainder : But 
when any Quantity is thus leſſen'd by half, and the 
Remainder again by halt, and then the half of that 
third Remainder taken, and fo on: Tis plain, that 
by ſuppoſing the Diminution to be made an infinite 


number of Times, nothing at laſt will remain. 


This alſo might be demonſtrated by a Reduction ; 
ad Impoſſivite, by ſhewing that all thoſe infinite 


Terms, taken together, are neither greater nor leſs 


15. Hence may the Difficulties raiſed by the 
Schoolmen againſt the (T7#nte) Diviſibility of a 
Continuum be ſolved, tho? to Perſons ignorant of 
Geometry, they appear unſolvible: But indeed at 


che Bottom they are nothing but meer Paralogiſms. 


16. If two Progreſſions are ſuppoſed, one Geome- 
trical, beginning with 1, and the other Arithmetical, 


beginning with o, ſo that the Terms in one ſhall be 


placed over, and anſwer reſpectively to thoſe in the 
N 1 2 | other; 
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other; the Arithemetical ones are called Legarithms, 


Exponents, (or Indexes) as in the following Ranks. 


FRO en: Oe one. 


G. 1 . 3. | . 
16. 32. 64. 128. 256. 


86 tb B. | 
17. That which is produced in aGeometricalPro- 
greſſion by Multiplication and Diviſion, is effected 


in the Logarithms by Addition and Subtraction: 


As, if having three Numbers given; 2: 8:: 64, 
you would find a fourth Proportional to them in Geo- 
metrical Progreſſion; you muſt multiply 64 by 8, 
(which are the two middle Terms). For the Product 


512 ſhall be equal to the Product made by 2, and | 


the fourth Number ſought, they being the two Ex- 


treams of four Proportionals. And to find this fourth 
Number, you need only divide 512 by 2, and the 


Quotient will be 256. So that 2:8: : 64: 256, and 


64 and 256 will be juſt as far diſtant from one ano- 


ther in the Order of the Progreſſion, as 2 and 8 are. 


Rut if inſtead of theGeometrical Numbers 2 : 8 :: 


_ 64, you had uſed their Logarithms x : 3:: 6, which 


_ anſwer to them in the Progreſſion, and were minded 


to find a fourth Logarithm, then you mutt have ad- 
ded 3 and 6, which makes 9, and from thence have 
ſubtracted 1, there would remain 8. The Loga- 
rithm anſwering to the Geometrick Number 256. 

18: So alſo, if there be two Geometrick Numbers 
4 and 8, to which the Logarithms 2 and 3 do an- 
ſwer ; by multiplying 4 by 8, you produce 32; the 


Number under the Logarithm 5, which is the Sum 


of the Logarithms of 2 and 3. 
19. In like manner by multiplying 16 by it ſelf, 
there will be produced 256, which ſtands under the 


Logarithm of 8, the Sum of 4 added to itſelf. 


20. 80 
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20. So if the Geometrical Number were required 
that ſhall anſwer to, or ſtand under, the Logarithm 

16, you mult take 256, which ſtands under 8, and 
multiply it by it ſelf, and it will produce 65536, 
the Number required. 3% ¾ 
21. If moreover the Geometrical Number an- Mt 
| ſwering to the Logarithm 23 were requir'd, you k 
may take any two Logarithms, whoſe Sum is 23, as 
| ſuppoſe 7 and 16, and multiplying the Geometri- | 
cal Number under them, vs. 128 and 65536 one 
buy another, the Product will be 8388608. The 
Number which ought to ſtand under the Logarithm 
23, or in the 23d Place of a Series of Geometrical 
Proportionals, beginning from r. . 

22. From hence appears the Way of anfwering 
that ordinary Queſtion, How much a Horſe would 
coſt, if bought on this Condition: That for rhe 
firſt Nail in his Shoe a Farthing were to be paid, for 

the ſecond Nail two Farthings, for the third Nail 
four Farthings, for the fourth Nail eight Farthings, | 
and ſo on, ſtill doubling for 24 times: For the 23d 1 
Place in ſuch a Progreſſion would be the laſt Num- 
ber 8388608 Farthings, which, being reduced, is 
8738 J. 25. 8 4. and being doubled according to (8. 
14.) gives the whole Price of the Horſe 174761. 
55. 4A. „ Oh „ LE 

23. Where two compleat Progreſſions are fitted ſo 
as to anſwer one to another, rhe Geometrical to the 
Arithmetical ; as ſuppoſe in Tables for that purpoſe 
calculated in Books, there abundance of Pains and 
La pour is ſpared, in finding the Geometrical Num- 
bers: For Inſtance, let thoſe three Numbers 32, 64, 
128 be given, and that a fourth Proportional were 
required: Inſtead of multiplving 64 by 128, and 
dividing the Product by 32 (which Way is very tedi- 
ous in great Numbers): you need only take the Lo- 
garithms of the three given Numbers, 978. 32, 64, 

JJV 128 3 
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1283 and adding the 2d and 3d together, from their 


Sum ſubtract the firſt, the Difference will be the 


Logarithm of the correſponding Geometrick Num- 


24. But becauſe in ſuch a Geometrical Progreſſion 


all Numbers will not be found, this Medium hath 


been diſcovered ; they have calculated two Progreſ- 


ſions, one of which contains all Numbers 1, 2, 3, 


4, 536, ), 8, Sc. which ſeems to be an Arithmetical 
Progreſſion, but yet hath in reality the hi akangy 


con- 


of a Geometrical one. And the other, whic 

tains Numbers in Appearance the moſt irregular, is 
nevertheleſs a true Arithmetical Progreſſion. See 
here a Line, which will diſcover perfectly all theſe 
_ Myſteries. oe 00 


23. Let 
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N 25. Let the Right-line A E be divided into the 

; equal Parts AB, BC, CD, DE, Sc. from the 
Points A, B, C, D, E, c. let the Lines Aa, B b, 
Cc, Da, and Ee, be drawn all (Perpendicular to 

AE, and conſequently)parallel to one another: And 
let them be all in a Geometrical Progreſſion: As let 


Aa be 1, Bb 10, Cc 100, D 4 1000, EI. | | 


FoVE_ MN G&- CY 11 BY. © 


B Lig” bx a 
2 
In 
4 | 


E e 10000, Sc. Then ſhall we have two Progreſſi- 

ons of Lines, the one Arithmetical, and the other 
Geometrical : For the Lines AB, AC, AD, AF, 

are in Arithmetical Progreſſion, or as t, 2, 3, 4, 5, 
xc. and ſo do repreſent the Logarithms ; to which 
the Geometrical Lines A a, B, Cc, Sc. do cor- 
1 reſpond. e 99 0 . 
ED L 4 | 26. L. 
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26, Let each of the equal Parts E D, D C, CB, 
Oc. be divided equally again in F, G, N, and let the 
Parallels F, Gg, c. be drawn, and be mean Pro- 
portionals between the Collateral ones; that is, Ee: 
FF:: FF: DA:: DA: Gg. Let there alſo be more 
mean Proportionals draun from the middle of each 


Sub-diviſion EF, FD, DG, and ſo on, till theſe 


Parallel Lines growing very numerous, have at laſt 


but a very ſmall Diſtance from each other; then 


imagine a Curve Line drawn through all the Extre- 


mities of theſe Parallels, as e %j,jẽjje A. By this 


Means you will gain a Line, whoſe Properties are 


very conſiderable, and its Uſes equally great, as 
ſhall be ſhewn in its proper Place. e. 
27. If this Figure were drawn on a very large 
Table, and with a requiſite Exactneſs, = Part 
AB, BC, Ec. might be divided not only into an 


100, or 1000, but even into t00Go, Ioo0co equal 
Parts and more. So that A B being 1000000, AC | 
would be 2000000, A I 3000000, E9c. as muſt al- 


ways be an Arithmetical Progreflion. 


28. The Line Ee being ſuppoſed to contain 1000 
Parts, let us imagine thro? each of thoſe Diviſions | 

a Parallel to be drawn to the Line A E, cutting the 
Curve in ſo many Points; v. gr. Let the Line zo 
be drawn thro' the Diviſion 9900 of theLine Ee, and 
which cuts the Curve in the Point o. Let there be 


alſo ſuppoſed the Parallel (to Ee) Oo, cutting the 


Line A E in the Diviſion 399563. Then any one 


may know that 399563 is the Logarithm of the 
| Number gocco. In like manner if 8 u paſſed thro? 
the Diviſion 9000 of the Line Ee, and the Line 2 v 


were dra wn cutting A E in 395424, then would that 


Line 7! v be the Logarithm of 9000, Qs. 


on . wa : ” 


29. So that by this means a Table of Logarithms 
from 1 to 10,200 may caſi'y be made; and farther, 


by producing the Line A E. 


30. Note 
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30. Note, to obtain all the Logarithms from 1 to 
10000; 'twill be enough to ſeek the Logarithms 


from iO to 10000 : That is (having drawn the Pa- 


rallel 4t) to take the Logarithms of all the Diviſions 
from 7 to e, which Logarithms are all contained be- 
tween E and D. For by this you will have the Lo- 
garithms of all the Parts that are between ? and E; 
and whoſe Logarithms lie between D and A: For 
Example, ſince Oo is 9900 Parts, and its Logarithm 
399563, the ſame Number may be taken for the Lo- 
garitihm of 990, which is Ni; as allo of the Num- 

ber . 90, changing only the firtt Figure 3, becauſe, 
according to the Compotition of this Line, O N or 
NV oughtto be equal to E D or D C, as one may 
eaſily prove. So that ON or NI will contain 
100000 ; and becauſe A O is 399563, ſubtracting. 
ON 100000, there will remain 299563, for AN; 
from whence alſo taking 100,000, there will reſt 
199563 for AY. And after the ſame manner, ha- 

1 virg AY 3995424 for the Logarithm of Vu, which 
is gooo, you may have alſo 095424 forthe Loga- 

| rithmof X, which is 9; or 195424 for the Loga- 


rithm of 90, or 29524 forthe Logarithm of 900. _ 


31. All this may be reduced to Practice for Cal- 
1 culation, without actually drawing theſe Figures, 
but only imagining them to be drawn. For by the 
Rules of CommonArithmetick we may find out F, 
the meanProportional between Da and Ee, and after 
that, another Mean between D and FJ, or be- 
tween FF and E e, &c. But what we have here ex- 
plained is ſufficient to gain as much Knowledge as is 
neceſſary for us to have of the Nature and Com poſi- 
tion of Logaritbms: There being no need for us to 
undergo the Labour of calculating Tables of Loga- 
rithms; fince *tis already ſo well and ſo often done 
to our Hands: God, for the Publick Good, having 
raiſed ſome Perſons, whom he has pleaſed to endow 
with ſufficient Patience to ſurmovnt ſo tedious and 
VF > Laban 
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labortous a Work, as one would think to be inſu- * 
perable. For we know that above 20 Men were en- 
gaged in ſuch a Calculation, for above 20 Years to- 
gether, with indefatigable Induſtry and Aſſiduity. 
[ Pardie ſpeaks here a hitile covertly, ſeeming wil- 
ling to inſinuate that this moſt uſeful ana admirable 
Work was done firſt in his own Country, whereas the 
Legarithms were the Invention of my Lord Neper, a 
Scotch Baron, and the firſt Tables were calculated 
by him with the Aſſiſtance of our Countryman, Mr. 
Henry Briggs. ] 5 e 
late ſeveral Improvements have been made in 
this Matter : As by Nichocas Mercator, of which 
| ſee Dr. Walliss Thoughts, in Philoſoph. Tranſat. | 
38. John Gregory hath given us a Way to find Loga- = 
 vithms to 25 Places, by help of the Hyperbola, © 
But Doctor Halley, in Philoſ. Tranſ. Ne 216. ſhews 
a Way from the bare Conſideration of Numbers, ans 
bir, by the Help of Mr. Newton's Way to find the | 
Unciz of the Numbers of a Binomial Power, &c, _ 
By which you may find compendioufly the Loga- 
vithins of all Numbers to above 0 Places. And he 
gives there ſeveral Series for this Purpoſe, ſome uni- 
wverſal, and ſome appropriated to a peculiar ſort of 
Zagaaumm. ft. 
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{ in (e which 1 us how 
to do any Thing, and demonſtrates 
alſo the Practice of it: Whereas T heo- 
rems are ſpeculative Propoſitions, in 
which are confidered the Aﬀections 

and Propertic of Things alreaqy one. 1 
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2. To divide a Circle into four and into ſix, and all 
Arks into tuo equal Parts. To divide it into four, 
draw two Lines, as d ac and Bac 

at Right Angles to each other. To 


e 

IG Hy" divide it into eight Parts; biſſect 
„ the four Arks Be, ce, Cc. which 
1 is done by ſtriking (without the 
25 4 Ark Be) two other Arks, with the 
"C ſame opening from the Points B, 
png nn ene 3 Wr- 1 8 Le be drawn 
from the Point where thoſe Arks croſs cach other, to 

the Center a, it ſhall bifſect the Ark BC, The lik 

is to be done for the other Arks. | 


Io divide a Circle into fix equal Parts; you need , 
only take the Length of the Radius; and applying it * 
fix times about the Circle, it will exactly divide the 
Circumference into ſix equal Parts; and thus by a © 
new Biſſection, may a Circle be divided into 12,24, | 


48, or into any Number of equal Parts, Sc. 
3. 70 Aide a Circle into ve, into fteen, and into 
bother equal Parts. This may be done thus; (as I 


demonſtrate in Algebra) Make a ReQtangled 'Trian- ; 


gle, one of whoſe Legs ſhall be the Radius of the 
Circle, and the other half the Radius. From the 
Hypothenufe of this Triangle, take half the Radius, 


the Remainder ſhall be the Chord of 36 deg. and 


the Side of a Decagon. Nouble that Ark, you have 
the Ark of ) 2 Jeg.(<hoſe Chord is the Sine of a Penta- 


$01) and it is the fifth Part of the Circumference ; : 
and the ſame Chord ſhall be alſo the Hyporhenuſe of | 


a Rectangled Triangle, one of whoſe Sides is the Radi- 
us, and the other the Side of a Decagon. And as by the 
laſt was found the Chord of 60 4g. ſo by fubtracting 
the Chord of 36 fg. from 60 Aeg. you may have the 

Chord of 24 4eg. which isthe 15thPart of theCircum- 
ference. But for Practice, the ſhorteſt and ſureſ Way 
286, by repeated Trials with the Compaſles to find a 


' Diſtance 


OC en IE Gr" n n n <> 9 3 
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As B, 4 C, on *which - 
are deſcribed diyerſel.ines 
* amt Diviſions, KVV 
Which are moſt in Uſe, are of two Sorts. On one 

Side of this Sector, and on each Leſt, is a Line 
4 B and à e C, which ſerves to divide a Cir- 
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Diſtance that will go preciſely five times about the 
Circle: Then divide, after the ſame manner (by 
Trials) thatDiftance into three equal Parts exactly. 
So ſhall you gain a Chord that will divide the Cir- 


cumference into 15 equal Parts; and then dividing 


each of thoſe 15 Chords into four equal Parts, and 
each of thoſe into fix, you will divide the whole 


Circ umference into 360 dg, And this Diviſion is 


moſt commodious for Practice and Uſe. Note, that 
the Way to divide a Circle into 3, 5, 7, or into any 


other odd Number of Parts, is not yet found Geo- 


metrically; Geometrically, I ſay, that is, by mak- 
ing Uſe only of a ſtrait Line and Circle. 5 
This Diviſion of a Circle into 360 zeg. is very 


A uſeful, when a Perſon underſtands how to uſe the 
« Compaſſesof Proportion (o- tans 


Sector.) "Tis ſo called, be- 
© caule 'tis a kind of Com- 
„ paſſes with broad Legs: 


cle into 360 4%. at once, and alſo to take at any 
time as many Degrees as you pleaſe: And this 
« Line on the Sector is thus divided. ET ag 
4. To divide an graduate the Sector, that it may 
ſerve for the Diviſionef a Circle, Imagine a Semi- 
circle « EDB accurately divided into 180 4eg. if 


then from the Point 4, as from a Center, you tranſ- 


ter the Diviſions of the Semicircle into a Line à B; 
v. gr. If from E, 60 4g. you draw the Ark E e, 
and if from D go eg. in the Semicirele, you draw 
the Ark D 4, Cc. Then ought 60 4eg. on that Leg 


of the Sector, to be placed at the Point e, and 90 


2 Aeg. 
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aeg. at the Point 4, c. And if you transfer the 
ſame Degrees after the ſame Manner into the other |] Set 
Leg 4 C, you will graduate the Lines a B and a C, bei 
(on the Sector) as they ought to be tor this Purpoſe, (Ses 
and they will be rwo ſimilar Lines of Chords. vid 
5. Toexpiainthe ye ef the Sector as far as it ſerves I} 
or the Diviſion of a Circle, Let there be a Circle f ven 
given Af; take with your Compaſles the Radius Af, Par 
and (keeping that Diſtance) ſet one Foot of them in 
e or 60 44g. on one Leg of the Sector; move the o@ || wel 
ther Leg of the Sector to and fro ſo long, till the other 3 it. 
Point of the Com paſſes falls exactly on e or 60 Eg. Ln 
in that Leg of the Sector: So that the Diſtanceee || the 
be exactly equal to the Radius Af: Then if you L 
would have readily go degrees of that Circle; (et- tis 


$ WA 
* 
Ty 
4 
# 


ting the Sector he ſtill, and abzays keeping the ſame of t 
Angle) open your Compaſſes *till the Points fall 11 
exactly on 4 and 4, or 90 deg. on each Side of the Sac 
Sector: And then that Diſtance transferred into the See 

{ Circle, inf, g, gives you the Ark of go eg. Fg. pal 
Bo alſo if you would have had 35 46g. you need Or 
only apply your Compaſſes to 35 deg. and 35 4g. Ln 


on each Leg of the Sector in the Lines (of Choras) ) 
2 and 42 C: and that Diſtance transferred into the || A 
Circle, ſhall cut off the Ark of 35 Jeg. and thus | _. 
T may you proceed to find any Degrees you pleaſe. | % 
All which is grounded on the 42, 43, 49 and 5o | © 
Propoſitions of the VI. Book. For fince all Circles {| Ver 
are fimilar Figures, (6 50.) the Chord fg will be {| << 
to the Radius / A:: as the Chord of 44 to the Ra. ef 
dius ee; that is, as a4 is to de, Now 'tis plain, 3 
from what bath been proved elſewhere, that tage th 
Triangles a 4d and nee are fimilar ; and therefore 0 
44:ee::a4:ae; Bur 4 is by the Conſt uction th, 
equal to fg, and ee to A f; wherefore g AF:: 
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ven, into any Number of equal h Ie 
Parts: As for Inſtance, let the 7 y 


were required to take 3+ Parts of 


tain any Number of Degrees 
_ aſſign'd. Let the Line gi- 


2 " , _ — 1 — — n me TOY . TOE” 7 
h ” . — NE WE Re EIT e tt EO eee eee e „ E's . 
8 n F SN erer a7 rw ; CER EN e e oe ae . 7 0 , 
2 6 . 3 N . . LEY) n > 8 4 


required to make an Angle 
of zo 4eg. From the Point 
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6. To divide the Line of equal Parts or Lines on 
Sector, for the Diviſion of any Right. lines given. There 
being two Right: lines drawn from the Center of the 
Sector on the Legs, as a B and a C: Let each be di- 


vided into 100 or 200 equal Parts: And then they 


will ſerve to divide any Line gi- 


Line given be c, and that you 


it. Now to divide the whole 


Line c into 97 equal Parts, and then to take25 of : 
them according to the common Way of dividing 


Lines, would be very tedious : But by the Sector 


*tis done eaſily and ſpeedily thus: Take the Length 
of the whole Line c in your Compaſles, and fit or 
apply it over in your Sector between 97 and 97 in 


each Leg, from B, ſuppoſe to C. Then letting the 


Sector lie 5 at that Angle, take in your Com- 
paſſes, the 


or between e and e, which transfer into the given 


iſtance between 25 and 25 in each Leg, 


Line from 5 to /; ſo ſhall & F be juſt 3 of the whole 


Line . As is plain from the Triangles ABC and 
A ee being ſimilar. ) oC on roy 


7. On a Line given to make an Angle that ſhall com. 


7 


ven be ac, on which tis 


a, as from à Center, ſtrike 


the Ark Fe, from which take by the Sector, or 
otherwiſe, 30 46g. from & to F; then through f draw 

the Line af, which with the Line ac will make 

an Angle of 30 deg. „ . 


8. Having 3 


1060 REE Ws 


8. Having the Angles of any Triangis and one Side 
grven, to find the other tuo Sides. Suppoſe you are told 
there is a certain Triangle ſomewhere, whoſe Baſe 

 ACis10 Fathom ; in that the two Angles at the 
Baſe are ACB 150 4eg. and CAB «0 aeg. (and 
conſequently the remaining Angle at the Vertex or 
Top mult be 10 4g. for the Sum of 150, 20 and 10, 
is juſt 180 46g. which is two Right Angles). Youare 
required to tell how many Fathom there are in the 
other Sidee AB and AC. Make on Paper, or rather 
on fine Paſteboard, a Triangle 4 þ c fimilar to the || 
propos d one, after this manner. Take a Baſe at tl 
pleaſure a c, and from any Scale of equal Parts let it 8 
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9. To meaſure Diſtances, Heights, Depths, and, in 
f general, the Dimenſions and Magnitudes of all remote 
and inacceſſible Places. It on the Top of any Hill ap- 
pearing ata Diſtance, there were a Tower, as BE, and 
its Diſtance from us and its Height, were required: 
You mult firſt with ſome Inſtrument (as with a | 
Quadrant, that is the fourth Part of a Circle divided | 
into 90 deg. and furniſhed with a Ruler, or Label | 
with Sights, and moveable on the Center) you muſt, 
I fay, with ſome ſuch Inſtrument, take two Angles at 
| two ſeveral Stations in this manner: If you are in 
the Station A, place your Inftrument ſo, that one 
Side of it may anſwer exactly to the Horizontal Line 
AD; and keep it without raiſing or depreſſing it 
in this Poſition. Then place your Eye at A, (that 
js at the Center of the Inſtrument) and turn the La- 
bel till it point to the Top of the Tower B, and that 
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gle BCD: By which means you will have alſo the 
Angle BCA, becauſe thoſe two together make 180 
deg. or two Right ones. So that in the Triangle 


A BC you have now found the Baſe AC, which is 
IQ Fathom, and alſo the two Angles at the Baſe 3 5 


and conſequently the Sides CB, and A B, may be 


known: (9. 18.) And then you may have the Height 
DB, or the Diſtance AD, if you make a little Tri- 
angle ſimilar to that, and there from the Point þ, let 


fall a Perpendicular 4, to the Baſe Line A C con- 


tinued to 4. For BD, or AD, will be juſt as many 
Fathoms as h 4, and ad will be equal Parts meaſur'd 


on the Scale, (as in the laſt.) And if after you have 


thus gain'd the Height B D, you find, by the ſame 
Method, the Height E alſo, you may (by Sub- 
tracting this Altitude from the former) find the 


Height of the Tower E B. 


N. B. The common Quadrant, with a String and 
Pulummet, and «nth the Sights fix'd on one of 
its Sides, is more convenient aud ready than 
this of Pardies's, which is now out of Uſe. 


« Sometimes inſtead of advancing towards the 5 
Tower, and of makingObſervations of the Height 


below, or of thoſe Angles the viſual Rays make 


e with the Horizontal Line, it is convenient totale 


two Stations {ide-ways of each other: But it 


„ comes all to the ſame, and the Practices in rea- 


„ lity are not at all different. 


And by this Means, as any one may ſee, may 


all imaginable Heights and Diſtances, and other 
_ « Dimenſions be taken; provided we can but come 
© to obſerve their Extremities, from two different 


Places. I ſhall not ſtay now to deſcribe the par- 


_ © ticular Ways of doing this, nor to enumerate the 


© oreat Advantages that would accrue from the ** = 
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of Teleſcopical Sights fix d on the “Label, or on the 


30 . 
to be 50, B E to be 67, and A 5 
AE 49, Sc. and having ready / N, 


divided into 100 equal Parts: 
Make the Line a b, 30 of ſuch \/ 
Parts; ve, 673 and 4 e, 493 1 | 
then thoſe Lines drawn and join'd together will make | 
the Triangle ab e every way ſimilar to the Triangle 
ABE. And if you go on ch 


Figure 4 
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Side of the Inſtrument uſed in taking Angles ; 
*© which indeed is an Invention of ineſtimable Bene- 
< fit to Surveyors. 3 

10. Totake the Plane f any Place. Let ABCDE 
be a City, or any other Place, and you were requi- 
red to take the Plane, and to make a Draught of it. 
Take all the Length of its Sides, and of Lines drawn 
from Angle to Angle: And transfer all theſe upon 


Paper, laying them down according to their true 


N ogg For Inſtance, having found A B to be 
aces, BG to be 59, CD © ES 


drawn on Paper, a plain Scale Þ 


angle 5 " ſimilar to BEC, E9c. you will form the 


132. To nabe a Draught of any City or Country. A- 


ſcend up into op two elevated Places, from whence 


you can plainly ſee the City or Country, whoſe De- 


lineation you would make. And having with you a 
Quadrant, whole Circle, or Semicircle well divided 
into Degrees, together with its Label (with Sights) 
and its Center: Place your Inſtrument at A, and 


M2: ſo 


us, and make the Tri- 


c4e every way fimilar to the Plane of 
JJ SS 
I. But if you cannot get into the Place to ſurvey 
it, and to meaſure the Diſtance between the Angles 
FB and EC, you muſt take the ſeveral Angles of 
the Plane, and transfer them into your Draught; ſo 
, that if the Angle BA E be 66 42g. the Angle ae 
| muſt alſo be 66 4g. and ſo of all the reſt. 
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ſo that one of its Sides may lie in a Line between K 
and B, which done, and the Inſtrument fix'd there, I 


4 ron 


_ obſerve the ſeveral Steeples, eminent Houſes, Tow- 
ers, Hills, and all other remarkable Places, as EDC, 
Oc. and take their Angles with the Label and Sights, 
and write them all down to help your Memory. 
Thus, let the Angle CAB be 50 46g. zo mn. the 
Angle DAB 45 4eg. 8 min. &c. Proceed after the 
ſame manner at the Station B; noting down the 
Angle ABC to be 40 4eg. 10 mn. the Angle ABD xte 
47 4g. 28 min. &c. After which, draw on Paper | 
any Line at Pleaſure, as b, and make, at each Ed | Opoo 
of it, Angles equal to thoſe which you found, ca“ A 
equal to CA B, 4a ö equal to D AB, and ace. 


qual to ABC, Ce. And by this Means you will , 
have the Points c, 4 and e, &c. which will be in the 2 


ſame Poſition to one another as the Steeples, or o- 
ther eminent Places CDE, &c. are. And thus 
having drawn the moſt e e and principal 
Places, the reſt may eaſily be taken by the Eye. 
But to make this Operation very exact, tis conve- 
nient to take the Angles alſo at a third or fourth 
Station, and then, if they all agree, any one will 
know that the Work was well done. 5 
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